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Enforcement and Price Controls in Emissions Trading

1. Introduction

Much attention has been devoted recently to adding price controls (i.e., permit price ceilings and

floors) to cap-and-trade policies to control uncertainty in aggregate abatement costs. The theoreti-

cal motivation for placing price controls on emissions markets originated with Roberts and Spence

(1976). Following Weitzman’s (1974) seminal analysis of the comparative optimality of price-

based and quantity-based regulations, Roberts and Spence showed that policies that combine price

and quantity controls, so-called hybrid policies, cannot be less efficient than either a pure price or

a pure trading scheme. The reason is that pure tax and trading policies are special cases of hybrid

programs. Price controls for emissions trading policies limit the risk associated with uncertain

abatement costs in exchange for additional variation in aggregate emissions.

The current debate about hybrid emissions control policies has been driven by their proposed

use in cap-and-trade policies to contain the highly uncertain costs of controlling greenhouse gases.

Some analyses of price controls only involve price ceilings, so-called safety valves (Pizer 2002, Ja-

coby and Ellerman 2004), but several simulation studies have demonstrated the cost-effectiveness

of combining price ceilings and price floors (Burtraw et al. 2010, Fell and Morgenstern 2010,

Philibert 2008). In addition, a very recent theoretical literature has emerged that examines cap-

and-trade policies with price controls and other cost-containment measures (Weber and Neuhoff

2010, Webster et al. 2010, Grull and Taschini 2011).1 At the same time, several emissions trad-

ing programs with various forms of price control have been proposed, and some implemented, to

control greenhouse gas emissions (Hood 2010, U.S. Congressional Budget Office 2010).

We contribute to the theoretical literature on price controls for emissions trading by adding the

enforcement component to the determination of optimal hybrid policies.2All regulations have to be

1See Fell et al. (2011) for a review of the literature on alternative cost-containment approaches.
2We use standard terminology for enforcement efforts. Enforcement consists of two activities, monitoring firms

to check whether they are complying with a regulation and sanctioning (or penalizing) incidences of noncompliance.
Enforcement costs generally refer to the sum of monitoring costs and sanctioning costs. In cases in which enforcement
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enforced and it is well-known that enforcement costs can have important impacts on the design of

environmental policies. This is demonstrated in the design of emissions markets by Malik (1992),

Stranlund (2007), and Caffera and Chavez (2011). Understanding the joint determination of the

supply of emissions permits, permit price controls, and enforcement is a new contribution to the

theoretical literature on designing market-based policies. The problem is particularly intriguing

because the permit price in a competitive permit market is the marginal benefit of failing to hold

enough permits to cover emissions. Higher permit prices produce a higher incentive toward non-

compliance, causing regulators to respond with more vigorous monitoring or higher sanctions to

maintain compliance. Thus, abatement-cost risk can be transmitted to enforcement costs via the

permit price, and the optimal hybrid policy must account for this.3

Economic analyses of enforcement of emissions markets and price controls have been limited

to suggestions that imperfect enforcement can be used to provide a price ceiling in emission mar-

kets to limit high-side abatement-cost risk. Imperfect enforcement in this context means that the

expected marginal penalty for permit violations is set below the level that would guarantee full

compliance under all circumstances. (We use perfect enforcement to refer to cases in which the

enforcement strategy guarantees full compliance). If marginal abatement costs turn out to be high

enough, the permit price rises to the expected marginal penalty and firms escape a fixed permit sup-

ply by violating their permits. Some view the relatively high penalties in the U.S. SO2 Allowance

Trading and the E.U. Emissions Trading Scheme as safety valves because they place a ceiling on

the price of permits (Jacoby and Ellerman 2004, Stavins 2008). More rigorously, Montero (2002)

reexamined the prices vs. quantities debate to analyze the effect of imperfect enforcement on the

is strong enough to induce full compliance, which is important in real trading programs and our model, there are no
variable costs of applying sanctions.

3The RECLAIM program of Los Angeles provides a particularly dramatic example of how price volatility can be
transmitted to compliance behavior and enforcement efforts. The California energy crisis of 2000 and 2001 produced
high demand for NOX permits by electric power producers. This led to a spike in the price of NOX permits from about
$2000 per ton in 2000 to over $120,000 per ton in early 2001 (Fowlie, Holland, and Mansur 2012; South Coast Air
Quality Management District 2002). Consequently, some sources willingly violated their permits. In 2000, aggregate
NOX emissions exceeded the permit supply by nearly 20%. Authorities responded with negotiated settlements of
sanctions for some violators and a special penalty policy for others (South Coast Air Quality Management District
2007). We do not know if this event resulted in a significant increase in enforcement costs, but it is a good example
about how price volatility can be transmitted to compliance choices and enforcement effort.
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choice between an emissions tax and emissions trading. He found that imperfect enforcement tends

to favor emissions trading over emissions taxes precisely because the expected marginal penalty

can provide the price ceiling that improves the efficiency of emissions trading. While the link

between enforcement and price controls in emissions trading has been recognized, we believe that

the discussion thus far is incomplete.

In fact, using the expected marginal penalty to provide a price ceiling is inefficient if explicit

price controls are available. Relative to a trading program with imperfect enforcement (i.e., Mon-

tero’s model and the suggestion of others), adopting a perfectly enforced tax that sources can pay

to emit beyond their permit holdings can eliminate the expected costs of sanctioning noncompliant

firms without changing the expected emissions and price of the policy. An additional efficiency

gain can be obtained if a perfectly enforced subsidy for unused permits is available to provide a

price floor that motivates additional emissions control when abatement costs turn out to be signifi-

cantly lower than expected. Using imperfect enforcement to provide a price ceiling cannot address

the possibility that abatement costs may be lower than expected. In this paper we examine the

optimal trading policy with explicit price controls that is enforced so that firms are always compli-

ant, because this policy will always be more efficient than one that uses imperfect compliance to

provide a price ceiling.4

Given the goal of achieving full compliance, we determine optimal hybrid policies under two

enforcement strategies that vary according to how penalties are set. Under one strategy the unit

penalty is a fixed value that is high enough to allow the achievement of full compliance with

imperfect monitoring. To achieve full compliance and conserve monitoring effort, monitoring is

chosen so that the resulting expected marginal penalty is slightly above the going permit price. A

problematic feature of this strategy is that abatement-cost risk can be transmitted to enforcement

costs, because it makes monitoring effort an increasing function of the permit price. An alternative

enforcement strategy is to make the penalty a constant multiple of the going permit price. This

4We should be clear that Montero does not propose that trading programs be designed with imperfect enforcement.
His motivation was to reconsider prices vs. quantities given imperfect enforcement, not that environmental policies
should be designed to allow some noncompliance.
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makes the required monitoring effort independent of price variation, which is absorbed by the

penalty. There are examples of both kinds of penalties in actual and proposed emissions trading

schemes.5 In the U.S. SO2 Allowance Trading program the penalty for failing to hold enough

permits is a fixed penalty that was set at $2,000 per ton of excess emissions in 1990, and is adjusted

for inflation every year (US EPA 2010). Similarly, the E.U. Emissions Trading Scheme set a permit

violation penalty of 40 Euro per ton of excess CO2-equivalent emissions during the program’s

trial period (2005-2007), which increased to 100 Euro per ton in the second phase, 2008-2012

(European Commission 2003, Article 16).6 In contrast, the recently proposed American Clean

Energy and Security Act of 2009 (U.S. Congress 2009) includes a permit violation penalty that

is set at twice the clearing price in the most recent auction of permits (Sec. 723). Similarly, the

George W. Bush Administration’s proposed Clear Skies Initiative (US EPA 2003) included a permit

violation penalty that was to be one to three times the clearing price in a recent permit auction.

With the standard linear-quadratic model of uncertain aggregate abatement costs and pollution

damage, we show that the choice of enforcement strategy has important effects on the design

and performance of an emissions trading program with price controls. We judge the performance

of hybrid policies in terms of how their expected emissions and permit prices compare to the

emissions and the permit price that minimize expected aggregate abatement costs and damage

ex ante, and refer to this latter outcome as the second-best optimal outcome. We find that if

enforcement costs increase with the permit price then the supply of permits and the price ceiling

and floor of a hybrid policy are chosen so that expected aggregate emissions are higher and the

expected permit price is lower than their second-best optimal values. Thus, allowing abatement-

cost risk to affect enforcement costs is associated with reduced expected pollution control. On the

other hand, choosing an enforcement strategy that shields enforcement costs from abatement-cost

risk stabilizes enforcement effort; it makes the optimal hybrid policy independent of enforcement

5It is possible to make both monitoring and the penalty vary with the permit price. Given perfect enforcement, this
would allow abatement-cost risk to be transmitted to monitoring costs, but the effect would be reduced by the variation
in the penalty. We do not explore this possibility in this paper.

6In addition, both policies require noncompliant firms to offset their violations with reductions in their permit
allocations in the following year.
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costs, and the policy produces the second-best optimal outcome. In addition, expected enforcement

costs may be lower if allowing price variation to affect enforcement costs also makes these costs a

strictly convex function of the permit price.

We also reexamine the problem of designing an emissions trading program without the aid of

price controls. As noted before, Montero (2002) addressed this problem, suggesting that imperfect

enforcement can be used to limit abatement-cost risk. Like many others, Montero ignored the

expected costs of sanctioning noncompliance firms in his analysis. We include these costs for a

trading program in which imperfect enforcement is used to deal with high-side abatement-cost risk

instead of an explicit price ceiling. We find that while it is possible to shield monitoring effort from

abatement-cost risk, allowing imperfect compliance when abatement costs are high transmits risk

to sanctioning costs. Moreover, the optimal program produces weaker expected emissions control

than the second-best level. Eliminating these effects are additional reasons to favor the control of

abatement-cost risk with explicit price controls rather than with imperfect enforcement.

We complete our analysis by revisiting the “prices vs. quantities” choice between a pure trading

program and a pure emissions tax. While Montero (2002) showed that imperfect enforcement tends

to favor permit trading over emissions taxes, we show that the costs of perfect enforcement do not

affect the choice between an emissions tax and permit trading unless these costs are strictly convex

in the pollution price, in which case they favor an emission tax.

The rest of the paper proceeds as follows. In the next section we lay out the components of

a permit trading program with price controls, including its enforcement. In section 3 we examine

the compliance choices of firms under a hybrid policy and examine the alternative enforcement

strategies. In section 4 we characterize the optimal hybrid policy given costly enforcement and

examine its performance relative to second-best optimal aggregate emissions and permit price. In

section 5 we examine the effects of sanctioning costs on a trading program without price controls,

and in section 6 we analyze the choice between a pure trading program and a pure emissions tax

that are perfectly enforced. We conclude the paper in section 7.
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2. Elements of a trading program with price controls

Throughout we consider a fixed set of n heterogeneous, risk-neutral firms that emit a uniformly

mixed pollutant. A firm i emits qi units of a pollutant and aggregate emissions are Q = ∑
n
i=1 qi.

Let ci(qi,u) be i’s abatement cost function, which is strictly convex in qi and reaches a minimum

at qi
m. Emissions control policies will limit each firm’s emissions below this level, so ci

q(q
i,u)< 0

for each firm throughout. Random shocks that affect the abatement costs of all firms are captured

by changes in u, which is a random variable distributed according to the density function f (u) on

support [u,u] with zero expectation.7

We analyze an emissions trading program with price controls that has the following features. L

permits are distributed to the firms (free-of-charge), with li
0 permits going to firm i. Permits trade

at a competitive price p, and firm i holds li permits after trading is complete. A firm is able to emit

beyond its permit holdings (qi > li) if it pays a tax t per unit of excess emissions. (Alternatively

the government commits to selling additional permits beyond L at price t). Moreover, a firm that

emits below its permit holdings (qi < li) is entitled to a subsidy s ≤ t per unit of excess permits.

(Alternatively, the government commits to buying permits from firms at price s). For the permit

market to clear we must have s≤ p≤ t. If p > t, then no firm would hold permits, choosing instead

to simply pay the tax. If p < s, then the firms would demand an unlimited number of permits in

order to increase the payments for excess permits. Note that t provides a price ceiling for permits,

while s provides a price floor.

We choose a simple enforcement strategy for this program to keep the model parsimonious.

The program requires that a permit registry be maintained so that the regulator has perfect infor-

mation on how many emissions permits each firm holds. The more difficult problem is to monitor

firms’ emissions. Assume that firm i is audited with probability π i ∈ (0,1]. An audit reveals the

firm’s true emissions without error. The regulator does not observe the firm’s emissions without an

7Introducing abatement cost uncertainty via a common random term is clearly a simplification. However, it is
possible to allow for idiosyncratic uncertainty without changing the results of this work. See Yates (2012) for an
approach to aggregating idiosyncratic uncertainty in individual abatement costs to characterize uncertainty in an ag-
gregate abatement cost function.
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audit. If firm i does not claim excess emissions or excess permits, then it is compliant if it holds

enough permits to cover its emissions (qi ≤ li), and it is noncompliant otherwise (qi > li). Excess

emissions in this case are penalized with a financial penalty of φ per unit. This penalty is given

exogenously and in all cases exceeds the price of permits, which allows regulators the option to

design enforcement so that firms are fully compliant. We should note that, while some analysts

have modeled strictly convex penalty functions for emissions markets (e.g., Malik 1992, Stranlund

and Dhanda 1999), real permit markets tend to specify linear penalties as we do in this paper.8

To take advantage of the price controls a firm must provide a report of excess emissions or

excess permits to the regulator. Since the regulator has perfect information on the number of

permits the firm holds, these reports require that the firm provide a report of its emissions, denoted

ri. For example, to access the price ceiling a firm must report excess emissions ri− li > 0. Of

course, it may be motivated to under-report its excess emissions to reduce its tax payment. If a

firm reports excess emissions and is audited the regulator compares the firm’s emissions report

to its monitored emissions to determine whether the firm is compliant. If the regulator discovers

that the firm has under-reported its emissions, it must pay φ per unit of under-reported emissions

qi− ri > 0. Similarly, to claim the subsidy the firm must report excess permits li− ri > 0. Again

the firm may be motivated to under-report its emissions to feign emissions reductions that did not

occur. If it is caught doing so it pays the penalty φ per unit of under-reported emissions. Under no

circumstance will a firm report that its emissions are higher than they really are. A firm submits a

report of its emissions only if it wants to take advantage of either of the price controls.

We make additional assumptions that play important roles in the design of a trading program

with price controls. In particular, we assume that all firms choose positive emissions and that a

regulator must enforce the policy so that firms never report zero emissions or hold zero permits.

We make these assumptions for two reasons. First, given that all firms choose positive emissions,

8In fact, all of the trading programs we are aware of include fixed per unit sanctions. These include the U.S.
SO2 Allowance Trading program, the European Union Emissions Trading Scheme, the American Clean Energy and
Security Act, and the Clear Skies proposal mentioned in the introduction. Another example, is the EPA’s NOX Budget
Trading Program in which permit violations were penalized with an offset from the following year’s permit allocation
on a three-to-one basis (U.S. EPA 2009). While there is a lot of variation in how sanctions are set in existing and
proposed trading programs, most involve linear sanctions.
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holding no permits or reporting zero emissions are obvious admissions of violations. Hence, the

requirement that enforcement must motivate positive permit holdings and positive emissions re-

ports is equivalent to making sure that a regulator cannot commit to a strategy that would require

it to ignore firm-revealed cases of noncompliance. Second, an important feature of the prices vs.

quantities literature, including hybrid models like ours, is that they produce an aggregate abate-

ment cost function that is derived from the result that firms’ marginal abatement costs are equal

in a permit market equilibrium. This cannot be guaranteed if some firms choose zero emissions,

report zero emissions, or hold zero permits.

The timing of events in our model is as follows. First, the government chooses and commits to

all the elements of the policy, the permit supply, the price ceiling and floor, and the enforcement

strategy. Uncertainty in abatement costs and pollution damage (to be specified later) is resolved

after the policy is determined. The firms then choose their emissions, permit holdings, and reports

if they decide to submit one to access the price controls, and the permit market clears. The gov-

ernment then conducts random audits according to its chosen monitoring strategy. Based on these

audits the government levies sanctions on discovered permit or reporting violations. At this stage

it also collects taxes or makes subsidy payments if firms access the price controls and report their

emissions truthfully or they are not audited.

3. Market equilibrium and alternative enforcement strategies

The main point of this section is to lay out the consequences of assuming that all firms choose

positive emissions and that policies are enforced so that firms never hold zero permits or report

zero emissions. We then use these results to examine alternative enforcement strategies. To begin

we specify a firm’s expected costs under the different decisions it can make in terms of reporting

excess emissions, reporting excess permits, or not submitting an emissions report. If the firm
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contemplates reporting that its emissions exceed its permit holdings, its expected costs are:

ci(qi,u)+ p(li− li
0)+ t(ri− li)+π

i
φ(qi− ri). (1)

In this case the firm’s expected costs consist of its abatement costs, expenditure or receipts from

permit trades, the tax for its reported excess emissions, and the expected penalty it faces if it under-

reports its emissions. If the firm does not submit a report of excess emissions or excess permits, its

expected costs include its abatement costs, the value of its permit trades, and the expected penalty

if it fails to hold sufficient permits to cover its emissions; that is:

ci(qi,u)+ p(li− li
0)+π

i
φ(qi− li). (2)

Finally, if the firm contemplates reporting that it has excess permits, its expected costs are:

ci(qi,u)+ p(li− li
0)− s(li− ri)+π

i
φ(qi− ri). (3)

In this case the firm’s expected costs include the subsidy for its reported excess permits and the

expected penalty if it submits a false emissions report.

In the following lemma we specify necessary conditions under which a firm will report excess

emissions or excess permits to access the price controls. All proofs in this paper are relegated to

the Appendix.

Lemma 1: (a) A firm will report excess emissions only if it has excess emissions and p = t. (b)

A firm will hold and report excess permits only if p = s.

Lemma 1 reveals that a firm will report excess emissions only if the permit price reaches the

price ceiling and it will hold and report excess permits only if the permit price reaches the price

floor.9 In both cases, enforcement is focused on whether firms have submitted truthful emissions
9The lack of symmetry in parts (a) and (b) of Lemma 1 is due to the following. A firm will not hold excess
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reports. If the permit price is between the ceiling and the floor, firms will not submit emissions

reports and the compliance problem is whether firms hold sufficient permits.

Our next lemma specifies two important consequences that follow from our assumption that

regulators must enforce a trading program so that no firm is motivated to hold zero permits or

report zero emissions.

Lemma 2: If a regulator is required to enforce an emissions trading program with price controls

so that firms never report zero emissions or hold zero permits, then:

(a) The equilibrium permit price and aggregate emissions satisfy

p =−CQ(Q,u) ∈ [s, t], (4)

where

C(Q,u) = min
{qi}n

i=1

n

∑
i=1

ci(qi,u), subject to
n

∑
i=1

qi = Q. (5)

(b) Enforcement must satisfy p≤ π iφ .

Part (a) of Lemma 2 reveals that if a trading program is enforced so that no firm holds zero

permits or reports zero emissions, then we have the well-known result that the distribution of

individual emissions minimizes the aggregate abatement costs of the aggregate level of emissions

that results in equilibrium. Moreover, in a competitive equilibrium the permit price is equal to the

minimum aggregate marginal abatement cost function, constrained by the price controls.10

Part (b) of the lemma follows in part from the well-known result that compliance under price-

based pollution control is normally a simple comparison between the emissions price (a tax, a

permits if the price exceeds the price floor, because in these cases it would rather sell excess permits in the market than
claim the subsidy. In contrast a firm may choose not to hold enough permits to cover its emissions (i.e., it has excess
emissions) at any price.

10Malik (1990) was the first to demonstrate that, given random monitoring and that all firms hold of positive number
of permits, a competitive permit market will distribute individual emissions control responsibilities so that aggregate
abatement costs are minimized even if firms are not perfectly compliant.
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subsidy, or the competitive price of tradable permits) and the expected marginal penalty.11 To

illustrate, suppose that the permit price is between the ceiling and the floor so that no firm submits

an emissions report and the compliance problem is whether firms hold sufficient permits. The

marginal benefit of holding too few permits is their price while the expected marginal cost is the

expected marginal penalty. If the permit price exceeds the marginal expected penalty then a firm

will hold zero permits, because it is always cheaper for the firm to face the random penalty than

to purchase additional permits to reduce its permit violation. Because we require regulators to

enforce the trading program so that all firms hold a positive number of permits, we must have

p ≤ π iφ . The firm holds enough permits to cover its emissions if the permit price is strictly less

than the expected marginal penalty, and the firm is indifferent between permit compliance and

noncompliance when p = π iφ . To illustrate the reporting compliance decision, suppose that the

firm holds excess permits. By Lemma 1 it only does so when the price is equal to the floor,

and the compliance problem in this case is whether the firm truthfully reports its excess permits

by truthfully reporting its emissions. The marginal benefit of under-reporting its emissions is

the subsidy s, so if this is greater than the expected marginal penalty the firm would report zero

emissions. Since the regulator does not tolerate this outcome we need s≤ π iφ . The firm submits a

truthful report of its emissions if s < π iφ , and is indifferent between reporting truthfully or not if

s = π iφ .

Part (b) of Lemma 2 leads naturally to the issue of how hybrid policies are to be enforced. An

important question in this regard is whether to design an enforcement strategy that motivates full

compliance or one that may result in either permit or reporting violations. Given the requirement

that p≤ π iφ under all circumstances, permit or reporting violations occur only if p = π iφ for some

firms. These firms are then indifferent between compliance and noncompliance. However, it is a

very short step to making sure that these firms are compliant. All that is required is to increase

monitoring slightly so that p = (π i− ε)φ , where ε is an arbitrarily small positive number. If this

11Matters are somewhat more complicated when there are market power or transaction cost problems in permit
markets (van Egteren and Weber 1996, Malik 2002, Chavez and Stranlund 2003 and 2004)
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is guaranteed for all firms and all prices then enforcement guarantees full compliance.12

Moreover, enforcement so that p = (π i− ε)φ for all firms and all prices implies that firms

need not be monitored differently; that is, π i = π for all firms. This follows from the fact that

compliance decisions under a price-based control policy are based on a comparison of the price

and the expected marginal sanction, which implies that differences in the compliance decisions of

firms are independent of their individual characteristics. This result, which was first revealed by

Stranlund and Dhanda (1999), suggests that regulators need not be concerned about conditioning

their monitoring strategy on aspects of individual firms like their production and abatement tech-

nologies, size, or output and input decisions. In terms of enhancing compliance in a cost-effective

way, this sort of targeting is not useful.13

The enforcement strategy of guaranteeing p = (π−ε)φ for all firms and prices is very straight-

forward. Regulators do not have to be concerned with differences among firms and they do not

have to incur costs to sanction noncompliant firms. On the other hand, it may be possible to trade-

off slightly reduced monitoring of some firms for the increase in their expected sanctioning costs

to reduce total expected enforcement costs. However, real regulators may prefer the simplicity of

achieving full compliance to fine tuning their enforcement strategy to achieve a small reduction in

enforcement costs. We take this approach from here on.

Given the motivation to achieve full compliance, there are several ways to guarantee p = (π−

ε)φ for all firms and prices. For one, given a fixed per unit sanction, the regulation could specify

a fixed monitoring probability π = (t + εφ)/φ . However, this strategy is not efficient, because

the program is over-enforced for realizations of the price below the price ceiling. That is, given

12In fact many emissions markets apparently have very high rates of compliance, including the U.S. EPA’s SO2
Allowance Trading and the NOX Budget Trading programs (U.S. EPA 2009, 2010), the Regional Greenhouse Gas
Initiative (Regional Greenhouse Gas Initiative Inc. 2012), the New South Wales Greenhouse Gas Reduction Scheme
(Independent Pricing and Regulatory Tribunal of New South Wales 2012), and the European Union Emissions Trading
Scheme (European Commission 2012). High rates of compliance tend to be the result of stringent monitoring and
reporting requirements, as well as penalties that are significantly higher than prevailing permit prices (Stranlund et al.
2011).

13Empirical support for these results can be found in studies of laboratory emissions markets as reported in Murphy
and Stranlund (2006 and 2007), and Stranlund et al. (2011). It is possible to design a monitoring strategy that is based
on individual firms’ reported emissions or permit holdings, but this would upset the result that aggregate abatement
costs are minimized by competitive permit trading.
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p < t, monitoring could be reduced without affecting the firms’ compliance choices or the market

equilibrium.

An alternative would make the monitoring strategy conditional on the permit price. That is,

the regulation could specify π(p) = (p+ εφ)/φ for p ∈ [s, t]. This strategy eliminates the over-

enforcement problem by making the monitoring probability vary directly with the permit price.

Instead, the regulation could make the penalty vary directly with the permit price. Recall that we

noted some proposed trading programs in the introduction that include this feature. Making the

penalty vary with the permit price can be accomplished by setting the sanction so that φ = kp,

where k is a constant greater than one. Then, monitoring to satisfy p = (π − ε)φ requires π =

1/k + ε . Note how making the penalty vary linearly with the permit price makes the required

monitoring constant.

Since our enforcement strategy eliminates noncompliance, the main component of enforcement

costs are monitoring costs. If the required monitoring probability increases with the permit price,

then enforcement costs are an increasing function of the permit price. Hence we denote aggregate

enforcement costs as M(p) with M′(p)> 0. Suppose for simplicity that this function is known, but

its realization is uncertain because the permit price is uncertain. This link reveals a potential prob-

lem with conditioning enforcement effort on the permit price— abatement-cost risk is transmitted

to enforcement costs via the permit price. On the other hand, if the enforcement strategy has the

sanction varying directly with the permit price, abatement-cost risk is absorbed by the penalty and

the required monitoring is independent of the permit price; that is M′(p) = 0.14 Finally, we assume

that M(p) is convex when M′(p)> 0.

In the next section we specify the optimal trading program with price controls that includes

enforcement costs. Whether these costs depend on uncertain permit prices has a significant impact

on the design of the policy.

14In this model, compliance incentives and enforcement costs can be completely shielded from permit price vari-
ation. In practice it may not be possible to accomplish this exactly, because the penalty must be tied to a single
price—which in practice could be the average price in a compliance year or during a reconciliation period, or the
clearing price from a recent auction—while prices may vary considerably during a compliance period. Thus, while
the principle of tying penalties to permit prices can limit the impact of price variation on compliance incentives and
enforcement costs, it may be difficult to eliminate these impacts completely.
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4. Enforcement costs and price controls in emissions trading

Given either of the enforcement strategies described above, an optimal hybrid policy consists of

the supply of permits L, a permit price ceiling t, and permit price floor s that minimize the sum of

expected aggregate abatement costs, pollution damage, and enforcement costs. Like nearly all of

the literature on price controls for emission trading, we assume a quadratic form of the aggregate

abatement cost function and damage function so that the aggregate marginal abatement cost and

marginal damage functions are linear with the uncertainty in their intercepts. Accordingly let the

aggregate marginal abatement cost function, as defined by Lemma 2, be

C(Q,u) = c0− (c1 +u)Q+
c2Q2

2
, (6)

where c0, c1, and c2 are all positive constants.15 From Lemma 2 the equilibrium permit price is

then

p = c1− c2Q+u. (7)

Recall that the random variable u has zero expectation and support [u,u]. Therefore, under a

simple trading scheme (one without price controls) with L permits, the permit price can vary in the

range of (c1− c2L+u, c1− c2L+u). Adding the price controls limits this range. Define values of

u, us ≥ u and ut ≤ u, such that

t = c1 +ut− c2L; (8)

s = c1 +us− c2L. (9)

ut is the value of u at which both the permit supply and the price ceiling bind. Only the price

ceiling binds for values of u greater than ut and only the permit supply binds for u between us and

ut . At us the permit supply and the price floor bind together, while only the price floor binds for

15Yates (2012) shows that a quadratic aggregate abatement cost function can be derived from quadratic individual
firms’ abatement cost functions.
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values of u below us. Consequently, the equilibrium permit price schedule is

p =


t for u ∈ [ut ,u]

p(L,u) = c1 +u− c2L for u ∈ [us,ut ]

s for u ∈ [u,us].

(10)

Equilibrium aggregate emissions are determined from (7) and (10):

Q =


Q(t,u) = (c1 +u− t)/c2 for u ∈ [ut ,u]

L for u ∈ [us,ut ]

Q(s,u) = (c1 +u− s)/c2 for u ∈ [u,us].

(11)

To simplify matters we restrict the analysis to Q(s,u) > 0 for all realizations of u. This allows us

to ignore situations in which it might be optimal to completely eliminate the industry’s emissions.

Like aggregate abatement costs, pollution damage is a quadratic function with uncertainty in

the intercept of the marginal function. We assume for simplicity that uncertainty in pollution

damage and uncertainty in abatement costs are uncorrelated. It is well-known that in this case

damage uncertainty has no bearing on the choice between price controls, quantity controls, or

hybrids. Therefore, we simply specify the expected damage function

D(Q) = d1Q+
d2Q2

2
, (12)

where d1 is a positive constant and d2 is a non-negative constant.

The final component of the social welfare function is aggregate enforcement costs, which con-

sist of only aggregate monitoring costs. We have specified monitoring costs as M(p) > 0 for

p≥ 0, with M′(p)> 0 if the unit penalty is fixed and monitoring varies with the permit price, and

M′(p) = 0 if the unit penalty varies with the permit price and monitoring is fixed.

Let W (L, t,s) denote the expected social costs of pollution and its control under a policy (L, t,s).

Assuming that the optimal policy involves strictly positive values for L, t, and s, they are chosen
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to minimize

W (L, t,s) =

ˆ u

ut
[C(Q(t,u),u)+D(Q(t,u))+M(t)] f (u)du

+

ˆ ut

us
[C(L,u)+D(L)+M(p(L,u))] f (u)du

+

ˆ us

u
[C(Q(s,u),u)+D(Q(s,u))+M(s)] f (u)du, (13)

subject to (6), (8), (9), (10), (11), (12), and t ≥ s. We assume that the standard first order condi-

tions for a solution to the policy problem are necessary and sufficient to identify a unique optimal

policy.16

It is instructive for us to compare the expected price/emissions solution of an optimal hy-

brid policy given costly enforcement to the second-best optimal values of aggregate emissions

and price. These second-best values minimize ex ante expected aggregate abatement costs and

pollution damage in the absence of enforcement costs. Letting E denote the expectation opera-

tor, second-best optimal emissions minimize E[C(Q,u)+D(Q)] and the second-best price mini-

mizes E[C(Q(p,u),u)+D(Q(p,u))], given (6), (12) and Q(p,u) = (c1+u− p)/c2 from (11). The

second-best emissions and price are, respectively,

Q̂ = (c1−d1)/(c2 +d2), (14)

p̂ = (d1c2 + c1d2)/(c2 +d2). (15)

We require c1 > d1 so that Q̂ > 0. In the absence of enforcement costs, a competitive cap-and-trade

program would optimally distribute Q̂ permits, and their expected price would be p̂, while the

optimal emissions tax is p̂, which results in expected emissions Q̂. Our next proposition provides

a characterization of the optimal hybrid policy with costly enforcement in terms of the second-best

16The model is easily modified to model policies with fewer instruments. For example, to determine a trading
program with a safety valve (i.e., only a price ceiling) disable the price floor in (13) by setting s so that us ≤ u. To
model a pure emissions trading program, disable the price controls by setting t so that ut ≥ u and s so that us ≤ u. To
model an emissions tax disable both the permit supply and the price floor by setting L = 0 and t = s so that us = ut .
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emissions and price.

Proposition 1: An optimal hybrid policy given costly enforcement, (L∗, t∗,s∗) such that t∗ > s∗,

can be characterized in the following way:

L∗ = Q̂+
E(u|us ≤ u≤ ut)+ c2E(M′(p(L∗,u))|us ≤ u≤ ut)

c2 +d2
; (16)

t∗ = p̂+
d2E(u|u≥ ut)− (c2)

2M′(t∗)
c2 +d2

; (17)

s∗ = p̂+
d2E(u|u≤ us)− (c2)

2M′(s∗)
c2 +d2

. (18)

In Proposition 1 and for the rest of this section, us and ut are evaluated at (L∗, t∗,s∗).17 Other

authors have derived similar relations for trading programs with price controls (e.g., Weber and

Neuhoff (2010)). Our contribution is in the introduction of enforcement costs. Of course, (16)

through (18) are not “solutions” for the optimal policy variables because these variables appear on

the right sides of these equations. However, they are useful for developing intuition about how the

structure of the optimal hybrid policy is determined by enforcement costs and abatement-cost risk,

with the second-best emissions and permit price as benchmarks.18

Note from Proposition 1 that enforcement costs affect the optimal policy variables via M′(·).

This implies automatically that if monitoring costs are independent of the permit price, then the

optimal hybrid policy is unaffected by these costs. On the other hand, if the enforcement strategy

makes monitoring costs an increasing function of the permit price, then c2E(M′(p(·))) > 0 and

(c2)
2M′(·) > 0 imply that the optimal permit supply tends to be higher, and both the optimal

17If (16) through (18) imply t∗ ≤ s∗, then the optimal policy is a simple tax. It is also possible that the optimal
policy is a pure trading program, but we ignore these possibilities in this paper.

18We can modify (16) through (18) to represent a trading program with only a safety valve. The optimal policy
without a price floor is found by setting s∗ = 0 and us = u in (16) through (18). In the specification of L∗ by (16),
us = u implies E(u|us ≤ u≤ ut)< 0, which, in the absence of enforcement costs means that the optimal permit supply
is less than second-best emissions. Thus, in the absence of a price floor, the optimal hybrid policy deals with low-side
abatement cost uncertainty by reducing the permit supply.
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price ceiling and floor tend to be lower. These results appear to suggest that the expected level of

emissions control is less when enforcement costs depend on the permit price, and we will verify

this result shortly.

It is interesting to note how the optimal hybrid policy deals with strictly convex monitoring

costs. If abatement-cost risk can be transmitted to monitoring costs, then reducing this risk is an

additional benefit of price controls and this is accomplished with tighter price controls. To see this

note from (17) and (18) that (c2)
2M′(t∗) and (c2)

2M′(s∗) are the reductions in the price ceiling and

price floor, respectively, due to variable enforcement costs. If M(·) is strictly convex, then s∗ < t∗

implies M′(s∗)< M′(t∗). Hence, convexity of the monitoring cost function tends to push the price

floor down by less than the price ceiling, thereby narrowing the difference between them. This also

implies that the probability that the price controls will bind instead of the permit supply increases.

Again, this tightening of the price controls serves to reduce expected monitoring costs when these

costs are strictly convex.

We now examine the performance of the optimal hybrid policy with costly enforcement by

showing how its expected emissions and permit price compare to their second-best values. Ex-

pected emissions and the expected price under (L∗, t∗,s∗) are:

E(Q) =

ˆ us

u
Q(s∗,u) f (u)du+L∗

ˆ ut

us
f (u)du+

ˆ u

ut
Q(t∗,u) f (u)du; (19)

E(p) = s∗
ˆ us

u
f (u)du+

ˆ ut

us
p(L∗,u) f (u)du+ t∗

ˆ u

ut
f (u)du, (20)

where again us and ut are evaluated at (L∗, t∗,s∗).

Proposition 2: Under an optimal hybrid policy with costly enforcement, expected aggregate

emissions and permit price are related to their second-best optimal values in the following way:

E(Q)− Q̂ =
T

c2(c2 +d2)
; (21)
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E(p)− p̂ =
−T

c2 +d2
; (22)

where

T = (c2)
2

(
M′(s∗)

ˆ us

u
f (u)du+

ˆ ut

us
M′(p(L∗,u)) f (u)du+M′(t∗)

ˆ u

ut
f (u)du

)
. (23)

Since T has the same sign as M′(·), sgn(E(Q)− Q̂) = sgn(p̂−E(p)) = sgn(M′(·)).

With a fixed sanction abatement-cost risk can be transmitted to enforcement costs via the price

of permits. The optimal hybrid policy accommodates this risk by reducing ex ante expected en-

vironmental control and the permit price below their second-best values. We can quickly gain

some insight into the determinants of this distortion if we assume that M′(·) is a constant, M′.

In this case, E(Q)− Q̂ = c2M′/(c2 + d2) and E(p)− p̂ = −(c2)
2M′/(c2 + d2). From these it is

straightforward to show that the distortion of expected emissions above its second-best value and

the distortion of the expected permit price below its second-best value increase as marginal mon-

itoring costs and the slope of the aggregate marginal abatement cost function increase, and as the

slope of the marginal damage function decreases.

However, Proposition 2 indicates that the optimal hybrid policy produces the second-best out-

come if and only if monitoring costs are independent of the permit price. Of course, this can

be accomplished if enforcement is structured so that the sanction varies with the permit price in-

stead of monitoring effort. Doing so would seem to be a compelling reason to design enforcement

strategies for hybrid policies that shield enforcement costs from abatement-cost risk.

5. A trading program without price controls

Without an explicit price ceiling, however, it may not be efficient to completely shield enforcement

costs from abatement-cost risk. Recall that Montero (2002) addressed the problem of designing

an emissions market without price controls, finding the imperfect enforcement can be used to mit-
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igate abatement-cost risk. However, Montero did not address the fact that imperfect enforcement

involves incurring sanctioning costs when firms violate their permits to escape high abatement

costs. In this section, we reexamine the problem of designing an emissions market without price

controls, focusing on how expected sanctioning costs affect the design and performance of an

imperfectly enforced trading program. 19

There are several ways to design a trading policy that deals with abatement-cost risk with

imperfect enforcement. Given a high enough fixed sanction, we could choose a fixed monitoring

probability that is not high enough to guarantee full compliance. However, this would involve

higher-than-necessary monitoring when abatement costs are low. We could deal with this problem

by allowing monitoring to vary directly with the permit price up to a certain level, but this would

allow the transmission of abatement-cost risk to monitoring costs. The approach we take is to

shield monitoring from abatement-cost risk and allow the sanction to vary with the permit price

up to a certain level that is not high enough to guarantee full compliance. This approach does not

involve over-monitoring or the transmission of abatement-cost risk to monitoring costs. However,

this risk will be transmitted to compliance behavior and, consequently, to sanctioning costs. This

is an important lesson for policy design: trading programs that deal with abatement-cost risk with

imperfect enforcement cannot entirely prevent the transmission of risk to enforcement costs.

As in the model of the last section, let the penalty φ vary with the permit price according to

φ = kp, with k > 1, but only up to a constant φ 0, which will be chosen optimally. As before,

monitoring is the constant π = 1/k+ ε . With this setup, the permit price will not rise above πφ 0

making it the price ceiling. Define u0 as the value of u at which both the permit supply and the

price ceiling bind. That is, like equation (8),

πφ
0 = c1 +u0− c2L. (24)

19Penalizing noncompliant firms may involve significant costs, including the cost of producing sufficient evidence
so a finding of a violation and the imposition of a penalty stands up in court. Moreover, sanctioned firms may undertake
costly efforts to challenge a penalty, perhaps leading the government to expend additional resources to confront the
challenge. Despite this most authors assume that sanctions are costless. Exceptions include Stranlund (2007) in the
case of enforcing emissions trading, Stranlund et al. (2009) for emissions taxes, Malik (1993) and Arguedas (2008)
for emissions standards, and Polinsky and Shavell (1992) in the broader literature on optimal law enforcement.
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For u ∈ [u,u0], firms are compliant, total emissions equal the permit supply, and the permit price

is p(L,u) = c1 +u− c2L. For u ∈ (u0,u], the permit price is equal to πφ 0, at least some firms are

noncompliant, and the aggregate violation is

V (L,πφ
0,u) = Q(πφ

0,u)−L = (c1 +u−πφ
0)/c2−L. (25)

Using (24), violations are equal to zero at u0; that is,

V (L,πφ
0,u0) = 0. (26)

We could eliminate all violations for all realizations of u by choosing L and φ 0 so that u0 = u. While

this outcome may be efficient under some circumstances, we restrict the analysis to outcomes in

which u0 < u to focus on cases in which imperfect enforcement is used to contain abatement-cost

risk.

Assume that expected sanctioning costs are an increasing function of expected sanctions.20 For

a realization of u > u0, the expected aggregate sanction is

K(L,πφ
0,u) = πφ

0V (L,πφ
0,u), (27)

with derivatives

KL(L,πφ
0,u) = −πφ

0 < 0; (28)

Kφ 0(L,πφ
0,u) = π

(
V (L,πφ

0,u)−πφ
0/c2

)
. (29)

Given some u > u0, expected sanctions decrease with a higher permit supply, but the effect of

a higher sanction is ambiguous. Given expected discovered violations πV (·), increasing φ 0 in-

creases expected sanctions directly. However, increasing φ 0 has a negative indirect effect because

20This is the approach taken by Polinsky and Shavell (1992), Stranlund (2007), and Arguedas (2008).
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it motivates fewer violations. (Similarly, increasing the monitoring probability has opposite direct

and indirect effects on aggregate sanctions). Given K(L,πφ 0,u), aggregate expected sanctioning

costs are

S(K(L,πφ
0,u)), (30)

with S′(·) > 0. Assume that expected sanctioning costs equal zero for zero violations, that is,

S(0) = 0. This, along with (26) and (27), imply S(K(L,πφ 0,u0)) = 0.

Let W (L,φ 0) denote expected social costs under a policy (L,φ 0). Assuming that the optimal

policy involves strictly positive values for L and φ 0, they are chosen to minimize

W (L,φ 0) =

ˆ u

u0
[C(Q(πφ

0,u),u)+D(Q(πφ
0,u))+S(K(L,πφ

0,u0))] f (u)du (31)

+

ˆ u0

u
[C(L,u)+D(L)] f (u)du+M(π),

subject to (6) and (12), (24), and Q(πφ 0,u) = (c1 + u− πφ 0)/c2. Note that M(π) is a constant

because π is constant under this policy. Again, we assume that the first order conditions for a

solution to the policy problem are necessary and sufficient to identify a unique optimal policy. The

following proposition characterizes the optimal policy in terms of the second-best emissions and

price, under the assumption that the policy is imperfectly enforced.

Proposition 3: The optimal trading program with imperfect enforcement, (L∗,φ 0∗), can be char-

acterized in the following way:

L∗ = Q̂+
E(u|u≤ u0)

c2 +d2
−
´ u

u0 S′(K)KL(L∗,πφ 0∗,u) f (u)du

(c2 +d2)
´ u0

u f (u)du
; (32)

πφ
0∗ = p̂+

d2E(u|u≥ u0)

c2 +d2
−

((c2)
2/π)

´ u
u0 S′(K)Kφ 0(L∗,πφ 0∗,u) f (u)du

(c2 +d2)
´ u

u0 f (u)du
, (33)

where u0 and K are evaluated at (L∗,φ 0∗).
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In the proposition we have presented the characterization of the optimal sanction in terms of

the optimal expected sanction to highlight its role as setting the price ceiling. It is clear that

sanctioning costs can affect the design of a trading program that uses imperfect enforcement to

limit the effects of abatement-cost risk. Note that the third term on the right side of equation (32)

is positive, because expected sanctions and their costs fall with more permits (S′(K)KL(·) < 0).

The effect of this term is to increase the permit supply to reduce expected sanctioning costs. The

third term on the right side of equation (33) is ambiguous, because increasing the sanction has an

ambiguous effect on expected sanctioning costs. However, this term serves to adjust the optimal

sanction up or down, depending on whether expected sanctioning costs are decreasing or increasing

in the sanction. If these costs are decreasing in the sanction (because Kφ 0(·)< 0), then the optimal

sanction is higher, but if they increase with φ 0 (because Kφ 0(·)> 0) the optimal sanction is lower.

The following proposition reveals the expected performance of (L∗,φ 0∗) relative to the second-

best outcome.

Proposition 4: Under the optimal trading program with imperfect enforcement, expected aggre-

gate emissions and permit price are related to their second-best optimal values in the following

way:

E(Q)− Q̂ =
c2
´ u

u0 S′(K)V (L∗,πφ 0∗,u) f (u)du
(c2 +d2)

> 0; (34)

E(p)− p̂ =
−(c2)

2 ´ u
u0 S′(K)V (L∗,πφ 0∗,u) f (u)du

(c2 +d2)
< 0. (35)

Proposition 4 reveals that expected sanctioning costs can distort the expected outcome of the

policy away from the second-best outcome. In fact, sanctioning costs lead to weaker expected

emissions control and a lower expected permit price.

We now have several results that suggest that emissions trading policies should not rely on

imperfect enforcement to mitigate abatement-cost risk. Relying on imperfect enforcement involves

expected costs of sanctioning noncompliant firms, it allows the transmission of abatement-cost
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risk to sanctioning costs, and accommodating these costs in an optimally designed policy produces

weaker expected emissions control than the second-best level. All of these undesirable results can

be eliminated by a perfectly enforced trading program with price controls.

6. Prices vs. quantities with perfect enforcement

To complete our analysis we revisit the prices vs. quantity debate by examining how enforcement

costs affect the relative efficiency of a pure emissions tax and a pure emissions market. Recall that

Montero (2002) found that imperfect enforcement tends to favor emissions trading over emissions

taxes, so our question is whether incorporating the costs of perfectly enforced regulations changes

this preference. We find that the costs of enforcing control policies to achieve full compliance does

not affect the choice between an emissions tax and permit trading unless these costs are strictly

convex in the pollution price, in which case they favor an emission tax. To demonstrate this result

begin by assuming that the monitoring cost function M(p) has the following quadratic form:

M(p) = m0 +m1 p+m2 p2/2, (36)

where m0, m1, and m2 are non-negative constants. To determine the optimal simple emissions

trading program, disable the price controls in (13) by setting ut ≥ u and us ≤ u to obtain

W (L) = E[C(L,u)+D(L)+M(p(L,u))], (37)

where p(L,u) = c1− c2L+ u as defined by (7). To determine the optimal emissions tax, disable

the price floor and permit supply by setting us = ut ≤ u to obtain

W (t) = E[C(Q(t,u),u)+D(Q(t,u))+M(t)]. (38)

Minimization of (37) and (38) yields L∗ and t∗, respectively.
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Proposition 5: Minimum expected social costs under a perfectly enforced emissions tax and a

perfectly enforced trading program are related to each other by

W (t∗)−W (L∗) =
(d2− c2)E(u2)

2(c2)2 − m2E(u2)

2
. (39)

Hence, strictly convex monitoring costs shifts the relative efficiency of emissions taxes and emis-

sion trading programs toward the emissions tax. If monitoring costs are independent of the permit

price or they are linear in the price, then monitoring costs have no bearing on the relative efficiency

of pure taxes and pure trading programs.

The form of (39) is well known except for the addition of the second term on the right side.

The first term guides our intuition about the relative efficiency of taxes and tradable permits as a

function of the relative slopes of the marginal abatement cost and marginal damage functions. An

emissions tax is preferred when the slope of the marginal damage function is less than the absolute

value of the slope of the marginal abatement cost function—a trading program is preferred in

the opposite case. The new second term of (39) reveals that monitoring costs affect the prices vs.

quantities choice only if these costs are strictly convex in the pollution price. In this case, a pure tax

is preferred as long as d2 < c2(1+m2c2), which, given m2 > 0, implies that the costs of perfectly

enforced taxes and trading programs shift the advantage toward emissions taxes.

The intuition behind this result is straightforward. The pure tax fixes the pollution price at

t∗, and hence, fixes monitoring costs at M(t∗). The expected price under the pure trading pro-

gram is equal to E(p(L∗,u)) = t∗; however, monitoring costs are uncertain because the permit

price is uncertain. By Jensen’s inequality and the strict convexity of the monitoring cost function,

E(M(p(L∗,u)))> M(t∗) and the difference is m2E(u2)/2 . Consequently, this term is an addition

to the expected costs of enforcing the trading program that is due to risk that is transmitted from

abatement costs to monitoring costs. This extra cost then shifts the relative efficiency of taxes and

tradable permits toward taxes. Of course, the ’risk’ addition to monitoring costs disappears when

monitoring costs are linear in the permit price or independent of the permit price. In these cases,
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enforcement costs have no impact on the choice between emissions taxes and emissions trading.

7. Conclusion

We have modeled the determination of an optimal emissions trading scheme with price controls to

limit risk associated with uncertain abatement costs when the costs of enforcing the policy must be

considered. We have generated several new results that have important implications for the design

of emissions markets under uncertainty. We have argued that it is inefficient to rely on imperfect

enforcement to provide a safety valve to limit abatement-cost risk, because this policy has several

costly characteristics that can be eliminated with a perfectly enforced program with explicit price

controls. These characteristics include the presence of variable sanctioning costs, the transmission

of abatement-cost risk to enforcement costs, weaker expected emissions control, and the fact that

imperfect enforcement cannot motivate additional emissions control if abatement costs turn out to

be low.

Given the perfect enforcement of a hybrid policy, we have stressed the benefits of structuring

enforcement strategies that shield enforcement costs from abatement-cost risk. This can be accom-

plished by making sanctions vary with changes in the permit price so that abatement-cost risk is

absorbed by the sanctions and not transmitted to compliance incentives and enforcement costs. Our

analysis suggests that designing enforcement with this feature can be attractive to policy designers

and managers for several reasons. First, doing so stabilizes enforcement effort and costs. This can

be a very practical benefit, because it allows regulators to choose an enforcement strategy prior to

the implementation of a trading policy and not have to worry about adjusting it after the uncertainty

about abatement costs and permit prices is resolved. A second benefit of shielding enforcement

costs from abatement-cost risk is that it makes the fundamentals of a hybrid policy—the permit

supply, the price floor and the price ceiling—independent of enforcement costs. That is not to say

that regulators can completely ignore enforcement costs. As in all policy endeavors it is important

to design cost-effective enforcement strategies that achieve desired goals. However, if enforcement
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costs are independent of abatement-cost risk then the permit supply and price controls of a hybrid

policy can be chosen without consideration of enforcement costs. The third benefit of shielding

enforcement costs from abatement-cost risk is that it eliminates the distortion from the second-best

optimal outcome that comes with an enforcement strategy that makes enforcement costs dependent

on the permit price. In particular, regulators do not have to sacrifice environmental performance

to accommodate the effect of abatement-cost risk on enforcement costs. Finally, if an enforcement

strategy makes enforcement costs a strictly convex function of the permit price, then shielding

enforcement costs from abatement-cost risk can reduce these costs.

The notion that uncertainty in the underlying costs and benefits of a policy can be transmitted to

the public costs of administering the policy, and that this might have welfare consequences and be

controlled, may be a fruitful area for future research. We are not aware of other work that addresses

this issue in other regulatory contexts, but the transmission of risk to administrative costs must be

present in other policies. Perhaps future work can be devoted to examining the transmission of risk

to regulatory efforts in other contexts, and to looking for ways to limit this risk.
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Appendix

Proof of Lemma 1: Part (a): Because excess emissions are costly (a firm must either pay the tax

or face the expected sanction), a firm will report excess emissions only if it has excess emissions.

(This is not to say that a firm with excess emissions will always report that it has excess emissions,

or will do so truthfully). If p < t, a firm would rather purchase additional permits than pay the tax.

Hence it will report excess emissions only if p = t. Part (b): If p > s, then a firm will not hold

excess permits to gain the subsidy payment, because it is better off selling the excess in the market.

Hence, a firm will hold excess permits only if p = s. Moreover, if p > s the firm will not report

excess permits that it doesn’t have, because if it could get away with this it would rather sell the

fictitious excess in the market. Hence, a firm will hold and report excess permits only if p = s. �

Proof of Lemma 2: It is convenient to prove part (b) of the lemma first. We proceed by specify-

ing compliance behavior under permit prices p = t, p = s, and p ∈ (s, t). Begin with p = t. In this

case a firm either reports excess emissions or it does not submit a report. If a firm contemplates

reporting excess emissions its objective is to choose (qi, li,ri) to minimize (1) subject to qi−ri≥ 0,

qi > 0, li > 0, and ri > 0. We impose the constraint qi− ri ≥ 0 because a firm will never report

that its emissions exceed its true emissions. Given p = t, the firm’s problem simplifies to choosing

(qi,ri) to minimize ci(qi,u)− pli
0+ pri+π iφ(qi−ri), subject to qi−ri ≥ 0, qi > 0 and ri > 0. Let-

ting λ i be the Lagrange multiplier attached to the constraint qi− ri ≥ 0, the first order conditions

of the firm’s problem are:

ci
q(q

i,u)+π
i
φ −λ

i = 0; (40)

p−π
i
φ +λ

i = 0; (41)

qi− ri ≥ 0, λ
i ≥ 0, λ

i(qi− ri) = 0, (42)

for qi, ri, and λ i , respectively. Given (41) and λ i ≥ 0, submitting a non-zero emissions report

is only consistent with p ≤ π iφ . If the firms does not submit a report its objective is to choose
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(qi, li) to minimize (2) subject to qi− li ≥ 0, qi > 0, and li > 0. The constraint qi− li ≥ 0 follows

from Lemma 1 part (b) that a firm will not hold excess permits if p > s. Letting λ i now denote the

Lagrange multiplier attached to the constraint qi− li ≥ 0, the first order conditions for qi and li are

the same as (40) and (41), while the first order condition for λ i is

qi− li ≥ 0, λ
i ≥ 0, λ

i(qi− li) = 0. (43)

Given λ i ≥ 0, p > π iφ is inconsistent with (41); therefore, the firm holds a positive number of

permits only if p≤ π iφ .

Now suppose that p = s. In this case a firm either reports excess permits or it does not submit

a report. If the firm contemplates reporting excess permits, its objective is to choose (qi, li,ri) to

minimize (3) subject to qi− ri ≥ 0, qi > 0, li > 0, and ri > 0. Again, we impose the constraint

qi− ri ≥ 0 because a firm will never over-report its emissions. Given p = s, the firm’s problem

simplifies to choosing (qi,ri) to minimize ci(qi,u)− pli
0+ pri+π iφ(qi− ri), subject to qi− ri ≥ 0,

qi > 0 and ri > 0. Letting λ i be the Lagrange multiplier attached to the constraint qi− ri ≥ 0, the

first order conditions of the firm’s problem are the same as (40), (41) and (42). Given λ i ≥ 0 and

(41), the firm provides a positive emissions report only if p ≤ π iφ . If the firm does not submit a

report its problem is to choose (qi, li) to minimize (2) subject to qi− li ≥ 0, qi > 0, and li > 0 as

above, with first-order conditions (40), (41) and (43). Again, given λ i ≥ 0 and (41), the firm holds

a positive number of permits only if p≤ π iφ .

Now suppose that p ∈ (s, t). By Lemma 1, no firm will report excess emissions or excess

permits in this case. We have already established that a firm that does not submit a report holds a

positive number of permits only if p≤ π iφ .

We now demonstrate part (a) of the lemma. The proof of part (b) reveals that, given p ≤ π iφ ,

the first order conditions (40) and (41) hold for all p∈ [s, t] and behavior consistent with Lemma 1.

Combine these conditions to obtain p =−ci
q(q

i,u). Part (a) of Lemma 2 follows from the fact that

all firms choose their emissions so that their marginal abatement costs are equal to the permit price.
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To briefly sketch this familiar result, first note that a permit market equilibrium for a realization of

u requires ci
q(q

i,u)+ p = 0, i = 1, . . . ,n, and ∑
n
i=1 qi = Q. Now carry out the optimization problem

on the right side of (5) for the same realization of u and aggregate emissions. This yields the first

order conditions ci
q(q

i,u)+θ = 0, i = 1, . . . ,n, where θ is the Lagrange multiplier attached to the

constraint ∑
n
i=1 qi = Q. Therefore, the market equilibrium and the minimization problem in (5)

coincide for p = θ . Finally, by the envelope theorem, θ = −CQ(Q,u), which with p = θ and the

constraints imposed by the price controls gives us (4). �

Proof of Proposition 1: To begin the proof, first note the following facts:

1. Q(t,ut) = L from (11) and (8);

2. Q(s,us) = L from (11) and (9);

3. p(L,ut) = t from (10) and (8);

4. p(L,us) = s from (10) and (9);

5. CQ(Q(t,u),u) =−t and CQ(Q(s,u),u) =−s from (6) and (11).

Using these facts, the first order conditions for (13), given t > s, ut < u, and us > u, can be written

as:

WL(L, t,s) =
ˆ ut

us
[CQ(L,u)+DQ(L)+M′(p(L,u))pL] f (u)du = 0; (44)

Wt(L, t,s) =
1
c2

ˆ u

ut
[(t−DQ(Q(t,u))+ c2M′(t)] f (u)du = 0; (45)

Ws(L, t,s) =
1
c2

ˆ us

u
[(s−DQ(Q(s,u))+ c2M′(s)] f (u)du = 0. (46)
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To demonstrate that (16) follows from (44), use (6), (12), and (14) to show

CQ(L,u)+DQ(L) = −(c1 +u)+ c2L+d1 +d2L

= (c2 +d2)

(
L− c1−d1

c2 +d2

)
−u

= (c2 +d2)(L− Q̂)−u. (47)

Moreover, from (10), pL =−c2. Substitute this and (47) into (44) to obtain

WL(L, t,s) = (c2 +d2)(L− Q̂)

ˆ ut

us
f (u)du−

ˆ ut

us
u f (u)du

−c2

ˆ ut

us
M′(p(L,u)) f (u)du = 0. (48)

Note the following relations:

E(u|us ≤ u≤ ut) =

´ ut

us u f (u)du´ ut

us f (u)du
;

E(M′(p(L,u))|us ≤ u≤ ut) =

´ ut

us M′(p(L,u)) f (u)du´ ut

us f (u)du
. (49)

These terms are conditional expectations of u and marginal enforcement costs, respectively, given

that the permit supply binds. Use these relations to rearrange (48) to obtain (16).

Similarly, we now show that (17) follows from (45). Begin by substituting Q(t,u) = (c1 +u−

t)/c2 from (11) into DQ(Q(t,u)) = d1 +d2Q(t,u) to obtain

DQ(Q(t,u)) = d1 +
d2(c1− t)

c2
+

d2u
c2

. (50)

Using (15) we can show

t−DQ(Q(t,u)) =
c2 +d2

c2
(t− p̂)− d2u

c2
. (51)
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Substitute (51) into (45) to obtain

Wt(L, t,s) =
1
c2

ˆ u

ut

[
c2 +d2

c2
(t− p̂)− d2u

c2
+ c2M′(t)

]
f (u)du = 0, (52)

which implies

(c2 +d2)(t− p̂)
ˆ u

ut
f (u)du−d2

ˆ u

ut
u f (u)du+(c2)

2M′(t)
ˆ u

ut
f (u)du = 0. (53)

Note the following:

E(u|ut ≤ u) =

´ u
ut u f (u)du´ u
ut f (u)du

. (54)

Rearrange (53) using (54) to obtain (17).

The derivation of (18) from (46) proceeds in the same way. Substitute Q(s,u) = (c1+u−s)/c2

from (11) into DQ(Q(s,u)) = d1 +d2Q(s,u) to obtain

DQ(Q(s,u)) = d1 +
d2(c1− s)

c2
+

d2u
c2

. (55)

Use (55) and (15) to show

s−DQ(Q(s,u)) =
c2 +d2

c2
(s− p̂)− d2u

c2
. (56)

Substitute (56) and Qs =−1/c2 into (46) and collect terms to obtain

(c2 +d2)(s− p̂)
ˆ us

u
f (u)du−d2

ˆ us

u
u f (u)du+(c2)

2M′(s)
ˆ us

u
f (u)du = 0. (57)

Using

E(u|u≤ us) =

´ us

u u f (u)du´ us

u f (u)du
, (58)

rearrange (57) to obtain (18). �
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Proof of Proposition 2: Begin the proof by substituting Q(t∗,u)= (c1+u−t∗)/c2 and Q(s∗,u)=

(c1 +u− s∗)/c2 from (11) into (19) and p(L∗,u) = c1 +u− c2L∗ from (10) into (20) to obtain:

E(Q) =

ˆ us

u

(
c1 +u− s∗

c2

)
f (u)du+L∗

ˆ ut

us
f (u)du+

ˆ u

ut

(
c1 +u− t∗

c2

)
f (u)du

= L∗
ˆ ut

us
f (u)du+

(
c1− s∗

c2

)ˆ us

u
f (u)du+

(
1
c2

)ˆ us

u
u f (u)du

+

(
c1− t∗

c2

)ˆ u

ut
f (u)du+

(
1
c2

)ˆ u

ut
u f (u)du; (59)

E(p) = s∗
ˆ us

u
f (u)du+

ˆ ut

us
(c1 +u− c2L∗) f (u)du+ t∗

ˆ u

ut
f (u)du

= (c1− c2L∗)
ˆ ut

us
f (u)du+

ˆ ut

us
u f (u)du+ s∗

ˆ us

u
f (u)du

+t∗
ˆ u

ut
f (u)du. (60)

Define variables z and w such that:

E(Q)− Q̂− z = 0; (61)

E(p)− p̂−w = 0. (62)

In addition, define the following:

A1 =

ˆ us

u
f (u)du, A2 =

ˆ ut

us
f (u)du, A3 =

ˆ u

ut
f (u)du,

A4 =

ˆ us

u
u f (u)du, A5 =

ˆ ut

us
u f (u)du, A6 =

ˆ u

ut
u f (u)du,

A7 = c2

ˆ ut

us
M′(p(L∗,u)) f (u)du, A8 = (c2)

2M′(t∗), A9 = (c2)
2M′(s∗). (63)
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Note that A1 +A2 +A3 = 1 and A4 +A5 +A6 = 0. Combine (59), (60), and (63) to write (61) and

(62) as:

L∗A2 +

(
c− s∗

c2

)
A1 +

(
c− t∗

c2

)
A3 +

(
A4 +A6

c2

)
− Q̂− z = 0; (64)

(c1− c2L∗)A2 +A5 + s∗A1 + t∗A3− p̂−w = 0, (65)

respectively. Now use (63), (49), (54), and (58) to write (16), (17), and (18) as

L∗ = Q̂+
A5 +A7

A2(c2 +d2)
; (66)

t∗ = p̂+
d2(A6/A3)−A8

c2 +d2
(67)

s∗ = p̂+
d2(A4/A1)−A9

c2 +d2
. (68)

Treating all the terms in (63) as constants and noting that p̂ and Q̂ are constants, (64) through

(68), subject to A1 +A2 +A3 = 1 and A4 +A5 +A6 = 0, Q̂ = (c1−d1)/(c2 +d2), and p̂ = (d1c2 +

c1d2)/(c2 + d2), form a system of five linear equations in five variables, L∗, t∗, s∗, z, and w. The

solution to this system returns (66), (67), and (68), as required. In addition,

z =
T

c2(c2 +d2)
(69)

and

w =
−T

c2 +d2
, (70)

where

T = A1A9 + c2A7 +A3A8. (71)

Substitute results from (63) into (71) to obtain (23). The rest of the proposition follows directly
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from (23). �

Proof of Proposition 3: S(K(L,πφ 0,u0)) = 0 and Q(πφ 0,u0) = L allows us to write the first

order condition of L as

WL(L,φ 0) =

ˆ u0

u
[CQ(L,u)+DQ(L)] f (u)du+

ˆ u

u0
S′(K)KL(L,πφ

0,u) f (u)du = 0. (72)

Recall from (47) that CQ(L,u)+DQ(L) = (c2 +d2)(L− Q̂)−u. Substitute this into (72) to obtain

WL(L,φ 0) = (c2 +d2)(L− Q̂)

ˆ u0

u
f (u)du−

ˆ u0

u
u f (u)du+

ˆ u

u0
S′(K)KL(L,πφ

0,u) f (u)du = 0.

(73)

Rearrange terms to obtain

L = Q̂+

´ u0

u u f (u)du

(c2 +d2)
´ u0

u f (u)du
−
´ u

u0 S′(K)KL(L,πφ 0,u) f (u)du

(c2 +d2)
´ u0

u f (u)du
. (74)

(32) follows from (74).

Now use CQ(Q(πφ 0,u),u) =−πφ 0, Qφ 0 =−π/c2, Q(πφ 0,u0) = L and S(K(L,πφ 0,u0)) = 0

to write the first order condition for φ 0 as

Wφ 0(L,φ 0) = (π/c2)

ˆ u

u0
[πφ

0−DQ(Q(πφ
0,u))+(c2/π)S′(K)Kφ 0(L,πφ

0,u)] f (u)du = 0. (75)

Similar to (51),

πφ
0−DQ(Q(πu0,u)) =

c2 +d2

c2
(πφ

0− p̂)− d2u
c2

,

which upon substitution into (75) and some rearranging of terms yields

Wφ 0(L,φ 0) = (π/c2)

{
c2 +d2

c2
(πφ

0− p̂)
ˆ u

u0
f (u)du− d2

c2

ˆ u

u0
u f (u)du (76)

+
c2

π

ˆ u

u0
S′(K)Kφ 0(L,πφ

0,u) f (u)du
}
= 0,
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and

πφ
0 = p̂+

d2
´ u

u0 u f (u)du

(c2 +d2)
´ u

u0 f (u)du
−

((c2)
2/π)

´ u
u0 S′(K)Kφ 0(L,πφ 0,u) f (u)du

(c2 +d2)
´ u

u0 f (u)du
. (77)

(33) follows from (77). �

Proof of Proposition 4: Expected aggregate emissions and the expected price under (L∗,φ 0∗)

are:

E(Q) = L∗
ˆ u0

u
f (u)du+

ˆ u

u0
Q(πφ

0∗,u) f (u)du; (78)

E(p) =
ˆ u0

u
p(L∗,u) f (u)du+πφ

0∗
ˆ u

u0
f (u)du, (79)

where u0 is evaluated at (L∗,φ 0∗). Substitute Q(πφ 0∗,u) = (c1 + u− πφ 0∗)/c2 into (78) and

p(L∗,u) = c1 +u− c2L∗ into (79) to obtain:

E(Q) = L∗
ˆ u0

u
f (u)du+

ˆ u

u0

(
c1 +u−πφ 0∗

c2

)
f (u)du

= L∗
ˆ u0

u
f (u)du+

(
c1−πφ 0∗

c2

)ˆ u

u0
f (u)du+

(
1
c2

)ˆ u

u0
u f (u)du (80)

E(p) =

ˆ u0

u
(c1 +u− c2L∗) f (u)du+πφ

0∗
ˆ u

u0
f (u)du

= (c1− c2L∗)
ˆ u0

u
f (u)du+

ˆ u0

u
u f (u)du+πφ

0∗
ˆ u

u0
f (u)du (81)

Define variables z and w such that:

E(Q)− Q̂− z = 0; (82)

E(p)− p̂−w = 0. (83)
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In addition, define the following:

B1 =

ˆ u0

u
f (u)du, B2 =

ˆ u

u0
f (u)du,

B3 =

ˆ u0

u
u f (u)du, B4 =

ˆ u

u0
u f (u)du,

B5 =

ˆ u

u0
S′(K)KL(L,πφ

0∗,u) f (u)du, B6 =

ˆ u

u0
S′(K)Kφ 0(L,πφ

0∗,u) f (u)du. (84)

Note that B1 +B2 = 1 and B3 +B4 = 0. Combine (80), (81), and (84) to write (82) and (83) as:

L∗B1 +

(
c1−πφ 0∗

c2

)
B2 +

(
B4

c2

)
− Q̂− z = 0; (85)

(c1− c2L∗)B1 +B3 +πφ
0∗B2− p̂−w = 0, (86)

respectively. Now use (84) to write (32) and (33) as:

L∗ = Q̂+
B3−B5

B1(c2 +d2)
; (87)

πφ
0∗ = p̂+

d2B4− ((c2)
2/π)B6

B2(c2 +d2)
. (88)

Treating all the terms in (84) as constants and recalling that p̂ and Q̂ are constants, (85) through

(88), subject to B1+B2 = 1 and B3+B4 = 0, Q̂= (c1−d1)/(c2+d2), and p̂= (d1c2+c1d2)/(c2+

d2), form a system of four linear equations in four variables, L∗, πφ 0∗, z, and w. The solution to

the system returns (87) and (88), as well as:

z =
−(πB5− c2B6)

π(c2 +d2)
; (89)
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w =
c2(πB5− c2B6)

π(c2 +d2)
. (90)

Using (28), (29) and (84),

B5 =−πφ
0∗
ˆ u

u0
S′(K) f (u)du;

B6 =
−π2φ 0∗

c2

ˆ u

u0
S′(K) f (u)du+π

ˆ u

u0
S′(K)V (L∗,πφ

0∗,u) f (u)du,

which upon substitution into (89) and (90) yields

z =
c2
´ u

u0 S′(K)V (L∗,πφ 0∗,u) f (u)du
(c2 +d2)

> 0; (91)

w =
−(c2)

2 ´ u
u0 S′(K)V (L∗,πφ 0∗,u) f (u)du

(c2 +d2)
< 0. (92)

The proof is completed by substituting (91) and (92) into (82) and (83), respectively. �

Proof of Proposition 5: Begin the proof by substituting L = Q into (6) and (12) and the results

into (37). In addition substitute p(L,u) = c1+u−c2L into (36) and the result into (37). After these

substitutions we have

W (L) = E
[

c0− (c1 +u−d1)L+
(c2 +d2)L2

2

+m0 +m1(c1 +u− c2L)+
m2(c1 +u− c2L)2

2

]
. (93)

Note that W (L) is strictly convex. Minimizing W (L) yields

L∗ =
(c1−d1)+ c2(m1 +m2c1)

c2 +d2 +(c2)2m2
. (94)
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Now substitute Q(t,u) = (c1 + u− t)/c2 into (6) and (12) and the results into (38). In addition

substitute t = p into (36) and the result into (38). After these substitutions we have

W (t) = E

[
c0− (c1 +u−d1)

(
c1 +u− t

c2

)
+

(c2 +d2)

2

(
c1 +u− t

c2

)2

+m0 +m1t +
m2t2

2

]
. (95)

It is straightforward to show that W (t) is strictly convex. Minimizing W (t) yields

t∗ =
d1c2 + c1d2− (c2)

2m1

c2 +d2 +(c2)2m2
. (96)

Substitute (96) into Q(t∗,u) = (c1 +u− t∗)/c2 and use (94) to obtain

Q(t∗,u) =
(c1 +u− t∗)

c2
= L∗+

u
c2
. (97)

In addition, (97) and p(L∗,u) = c1 +u− c2L∗ imply

p(L∗,u) = t∗+u. (98)

Now calculate the minimum expected costs of the pure trading program. Substitute L∗ and (98)

into (93) to obtain

W (L∗) = E
[

c0− (c1 +u−d1)L∗+
(c2 +d2)(L∗)2

2

+m0 +m1(t∗+u)+
m2((t∗)2 +u2 +2t∗u)

2

]
. (99)

Take the expectation and collect terms to obtain

W (L∗) = c0− (c1−d1)L∗+
(c2 +d2)(L∗)2

2
+m0 +m1t∗+

m2(t∗)2

2
+

m2E(u2)

2
. (100)
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Now calculate the minimum expected costs of the tax. Substitute t∗ and (c1− t∗+ u)/c2 = L∗+

u/c2 (from (97)) into (95) to obtain

W (t∗) = E

[
c0− (c1−d1 +u)

(
L∗+

u
c2

)
+

(c2 +d2)

2

(
L∗+

u
c2

)2

+m0 +m1t∗+
m2(t∗)2

2

]
. (101)

Collect terms and take the expectation to obtain

W (t∗) = c0− (c1−d1)L∗+
(c2 +d2)(L∗)2

2
+m0 +m1t∗+

m2(t∗)2

2

+
(c2 +d2)

2
E(u2)

(c2)2 −
E(u2)

c2
. (102)

Subtract (100) from (102) and rearrange terms to obtain

W (t∗)−W (L∗) =
(d2− c2)E(u2)

2(c2)2 − m2E(u2)

2
,

which is (39) in the proposition. The rest of the proposition follows directly from the fact that

−m2E(u2)/2 < 0 for m2 > 0 and is equal to zero for m2 = 0. �
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