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A Note on Correlated Uncertainty and Hybrid Environmental Policies

1. Introduction

Analysts and policymakers have devoted much attention in recent years to the design and evalua-

tion of hybrid emissions control policies, in particular emissions permit trading with price controls.

Shortly after Weitzman’s (1974) seminal analysis of the regulatory choice between price and quan-

tity instruments, Roberts and Spence (1976) showed that combining price and quantity instruments

can be more efficient than either instrument alone. Under a pure price scheme, uncertainty about

abatement costs produces uncertainty about emissions, while pure emissions trading schemes pro-

duce uncertainty about emissions prices. A policy of emissions trading with price controls recog-

nizes that it is often optimal to produce a balance between emissions and price uncertainty.

This note contributes to the literature on policy instrument choice under uncertainty by con-

sidering how correlated abatement cost and pollution damage uncertainty affects the structure and

performance of hybrid environmental policies. Although environmental economists often ignore

the possibility of correlated uncertainty in abatement costs and damages, using a result from Weitz-

man (1974), Stavins (1996) showed how correlated uncertainty could affect the choice of an emis-

sions trading program vs. an emissions tax. A positive correlation between abatement cost and

damage uncertainty tends to favor emission trading, while a negative correlation tends to favor an

emissions tax. (Also see Shrestha 2001). Stavins provides several examples of possible positive

correlation between abatement costs and damage driven by random weather shocks. For example,

ground-level ozone if formed from nitrogen oxides and volatile organic compounds in the presence

of sunlight. Thus, controlling concentrations of ozone is more costly when it is sunny. But these

are also the times when people prefer to be outside exerting themselves, so the damage from ozone

exposure is also higher when it is sunny. In the area of mitigating climate change, with a global

integrated assessment model Pizer (1999) argues that the costs and benefits of CO2 control at this

scale are more likely to be negatively correlated. In contrast, Quirion (2010) suggests that the costs
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and benefits of controlling CO2 for a country operating under a global climate change treaty may

be positively correlated.1

In this note I show that correlated uncertainty affects the structure of a hybrid tax/trading policy

in intuitive ways. The optimal hybrid policy incorporates a positive correlation between abatement

costs and damage by increasing the likelihood that the permit supply binds and decreasing the

likelihood that one of the price controls binds. On the other hand, negatively correlated uncertainty

increases the likelihood that the price controls bind and reduces the likelihood that the permit

supply binds. Thus, an optimal hybrid policy reflects the relative preferences for emissions markets

or taxes when abatement costs and damage are correlated. In all cases, however, hybrid policies

produce the optimal second-best emissions price and quantity; that is, these policies produce the

expected price and expected emissions that minimize expected social costs ex ante.2

Interest in hybrid policies has grown rapidly in recent years because of their proposed use in

climate change regulation.3An interesting aspect of the literature on hybrid policies in this context

is that they may not be more efficient than a simple emissions tax. An important characteristic of

the control of greenhouse gases is that the expected marginal damage function in a relatively short

compliance period (say one year) is estimated to be almost perfectly flat (e.g., Pizer 2002). This is

mainly because greenhouse gases are stock pollutants and their emissions in any one year do not

1Quirion’s (2010) argument runs as follows. Consider an international treaty that specifies country-level emissions
quotas like the Kyoto Protocol. A competitive international market for emissions permits exists, but a country may
choose to implement a tax or tradable permits domestically. If a country is a price-taker in the international permit
market, its marginal benefit of complying with its quota is the international permit price. Moreover, this marginal
benefit is constant, yet uncertain. Quirion suggests that since that countries’ abatement costs are determined by much
the same factors, if the marginal abatement cost in one country is lower than expected, it is likely that many other
countries’ marginal abatement costs are lower as well, which would result in a lower global emissions price. In this
way, a country may find its marginal costs and benefits of complying with an international greenhouse gas treaty to be
positively correlated.

2A first-best policy would minimize aggregate abatement costs and damage ex post, that is, after uncertainty about
costs and damage is resolved. All the policies in this paper are determined before uncertainty is resolved, so they
cannot result in the first-best outcome, except by accident. This is also true of the vast majority of the literature on
instrument choice under uncertainty.

3Earlier proposals for controlling greenhouse gas emissions only involved adding a price ceiling to trading pro-
grams, so-called safety valves (Jacoby and Ellerman 2004). However, a price floor along with a price ceiling, a
so-called price collar, can be more efficient because another instrument is available (Burtraw et al. 2010, Fell and
Morgenstern 2010, Philibert 2008). Recent contributions to this literature also include Fell et al. (2012), Grull and
Taschini (2011), and Weber and Neuhoff (2011). For examples of price controls in actual and proposed greenhouse
gas markets see U.S. Congressional Budget Office (2010) and Newell et al. (2013, pp. 134-135).
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add much to their accumulated stock. In this context, and with other common assumptions includ-

ing uncorrelated uncertainty between abatement costs and damage, the optimal control policy is a

pure emission tax—adding a quantity restriction that has a non-zero chance of binding necessarily

reduces expected welfare (Webster et al. 2010).

Given the importance of greenhouse gas emissions control in motivating the literature on hybrid

control policies, I revisit the notion that a simple emissions tax is the optimal policy when the

marginal damage function is flat. Correlated uncertainty between abatement costs and pollution

damage modifies this result; in particular, a flat marginal damage function is no longer necessary

or sufficient for an emissions tax to dominate a hybrid policy. A hybrid policy is the optimal

choice when the marginal damage function is flat and uncertainty in abatement costs and damage

is positively correlated. Moreover, it is possible that an emissions tax is more efficient than a

hybrid policy when marginal damage is an increasing function if abatement costs and damage are

negatively correlated.

2. A hybrid policy: emissions trading with price controls

The model of a hybrid emissions control policy in this paper is very close to the one proposed by

Roberts and Spence (1976), with the addition of correlated damage and abatement cost uncertainty.

Suppose that there are n firms that emit a uniformly mixed pollutant.4 Firm i’s emissions are qi

and aggregate emissions are Q = ∑
n
i=1 qi. Firm i’s cost of controlling its emissions is given by the

quadratic abatement cost function,

ci(qi,u) = ai
0−
(
ai

1 +u
)

qi +
ai

2
2
(
qi)2

, (1)

4The model is also close to Stranlund and Moffitt (2014). In fact, the notation is the same and some of the results
and proofs are similar. The difference is that Stranlund and Moffitt focus on the role that enforcement costs play in
determining hybrid policies and do not consider correlated uncertainty. This note sets aside the enforcement problem
to highlight the role of correlated uncertainty in determining hybrid regulations.
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where ai
0, ai

1 and ai
2 are positive constants. Random shocks that affect the abatement costs of all

firms are captured by changes in u.

The emissions trading program with price controls has the following features. L permits are

distributed to the firms (free-of-charge) and firm i chooses to hold li permits. Permits trade at the

competitive price p. The government commits to selling additional permits beyond L at price t, and

it commits to buying permits from firms at price s. For the permit market to clear it must be true that

s≤ p≤ t. If p > t, then firms would not trade permits, choosing instead to buy additional permits

from the government. If p < s, then the firms would demand an unlimited number of permits in

order to sell them back to the government. Note that t provides a price ceiling for permits, while s

provides the price floor.

The timing of events in the model is as follows. First, the government chooses and commits to

all the elements of the policy, that is, the permit supply, and the price ceiling and floor. Uncertainty

in abatement costs and pollution damage (to be specified shortly) is resolved after the policy is

determined. The firms then choose their emissions and permit holdings, and the permit market

clears.

Roberts and Spence showed that this scheme retains the well-known cost-effectiveness property

associated with emissions taxes and competitive emissions trading. That is, the distribution of

individual emissions minimizes the aggregate abatement costs of the aggregate level of emissions

that results in equilibrium. Moreover, the competitive equilibrium price and aggregate emissions

can be characterized by the equality of the permit price and the minimum aggregate marginal

abatement cost function. In sum:

p =−CQ(Q,u), p ∈ [s, t], (2)

where

C(Q,u) = min
{qi}n

i=1

n

∑
i=1

ci(qi,u), subject to
n

∑
i=1

qi = Q. (3)

As is common in the literature on policy choices under uncertainty, assume that (3) takes the
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quadratic form,

C(Q,u) = c0− (c1 +u)Q+
c2Q2

2
, (4)

where c0, c1, and c2, are all positive constants. See Yates (2012) for a demonstration of how an

aggregate abatement cost function of this form is generated from quadratic individual abatement

costs.

Since the pollutant is uniformly mixed, pollution damage depends on aggregate emissions, not

the geographical distribution of emissions. Let the damage function take the quadratic form,

D(Q,δ ) = (d1 +δ )Q+
d2Q2

2
, (5)

where d1 and d2 are positive constants and δ is a random variable.

Let g(u,δ ) be the joint probability density function of u and δ . The support of u is [u,u] and

the support of δ is ∆. The unconditional expectation of both u and δ is zero. Our analysis involves

evaluating conditional expectations of both random variables when the domain of u is restricted at

the top, at the bottom, and both top and bottom. Let E denote the expectation operator throughout

the paper. Since E(u) = 0 , then for some value u0 < u, E(u|u ≤ u0) < 0. Likewise, for u0 > u,

E(u|u ≥ u0) > 0 . Moreover, limiting the domain of u changes the expectation of δ if u and δ

are correlated. For example, if u and δ are positively correlated then it is reasonable to assume

that limiting the domain of u at the top would reduce the conditional expectations of both u and δ .

That is, if u and δ are positively correlated then E(δ |u≤ u0)< 0 for u0 < u, and E(δ |u≥ u0)> 0

for u0 > u. Likewise, if u and δ are negatively correlated then E(δ |u ≤ u0) > 0 for u0 < u, and

E(δ |u≥ u0)< 0 for u0 > u . E(δ ) = 0 regardless of restrictions on u if u and δ are independent.

From (2) and (4), the equilibrium permit price is

p = c1 +u− c2Q. (6)
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The price controls limit the range of possible permit prices. Define us ≥ u and ut ≤ u, such that

us is the value of u at which both the price floor and the permit supply bind and ut is the value

of u at which both the permit supply and the price ceiling bind. That is, us and ut are defined by

s = c1 +us− c2L and t = c1 +ut− c2L, respectively, resulting in

us = s+ c2L− c1 (7)

and

ut = t + c2L− c1. (8)

For values of u < us the price floor binds and the permit price is equal to s. For values of u between

us and ut , the permit supply binds and the permit price is determined by the aggregate marginal

abatement cost function evaluated at L, that is, p(L,u) = c1 +u− c2L. Values of u above ut cause

the price ceiling to bind so the permit price is equal to t. The following is the equilibrium permit

price schedule:

p =


t for u ∈ [ut ,u]

p(L,u) = c1 +u− c2L for u ∈ [us,ut ]

s for u ∈ [u,us].

(9)

Equilibrium aggregate emissions are determined from (6) and (9):

Q =


Q(t,u) = (c1 +u− t)/c2 for u ∈ [ut ,u]

L for u ∈ [us,ut ]

Q(s,u) = (c1 +u− s)/c2 for u ∈ [u,us].

(10)

Assume that aggregate emissions are strictly greater than zero in all cases.

The optimal hybrid policy is the triple (L, t,s) that minimizes the expected social costs of

pollution and its control. Letting W (L, t,s) denote expected social costs, the regulatory objective
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is to choose L, t, and s to minimize:

W (L, t,s) =

ˆ
∆

{ˆ u

ut
[C(Q(t,u),u)+D(Q(t,u),δ )]g(u,δ )du

+

ˆ ut

us
[C(L,u)+D(L,δ )]g(u,δ )du

+

ˆ us

u
[C(Q(s,u),u)+D(Q(s,u),δ )]g(u,δ )du

}
dδ , (11)

subject to (4), (5), (7), (8), (10), t ≥ s, us ≥ u, and ut ≤ u. Assume that W (L, t,s) is strictly convex

so that the standard first order conditions identify a unique optimal policy.

The model includes policies with fewer instruments as special cases. For example, if the con-

straint t ≥ s binds, then the optimal policy is a pure tax.5As another possibility, if the constraints

us ≥ u and ut ≤ u bind together, then there is no chance that the price controls will bind, so the

optimal policy is a pure trading scheme.

In characterizing the optimal hybrid policy it is useful to specify the second-best optimal

values of aggregate emissions and price as benchmarks. These values minimize ex ante ex-

pected aggregate abatement costs and pollution damage.6 That is, second-best emissions minimize

E[C(Q,u)+D(Q,δ )] and the second-best price minimizes E[C(Q(p,u),u)+D(Q(p,u),δ )], given

(4) and (5) and Q(p,u) = (c1 + u− p)/c2 from (6). The second-best emissions and price are,

respectively,

Q̂ = (c1−d1)/(c2 +d2), (12)

p̂ = (d1c2 + c1d2)/(c2 +d2). (13)

A pure emissions trading program optimally distributes Q̂ permits and their expected price is p̂,

while the optimal emissions tax is p̂, which results in expected emissions Q̂.

5Because the model involves a fixed number of firms and tax receipts and subsidy payments are transfers with no
real effects, it cannot distinguish between a pure subsidy and a pure tax. However, because a subsidy would be inferior
to a tax in an extended model, I assume that if the optimal policy is a pure price scheme, it is implemented with a tax.

6As noted in the introduction, these values are second-best because they are not generally optimal after the uncer-
tainty has been resolved.
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3. The structure of a hybrid policy

While the regulatory model can also produce a pure tax, a pure trading scheme, and a trading

scheme with a one-sided price control like a safety valve, in this section suppose that the optimal

policy is one for which there are positive probabilities that each of the instruments will bind. (This

requires that each of the constraints on the regulatory problem, t ≥ s, us ≥ u and ut ≤ u, do not

bind). Given this assumption, the first proposition characterizes the optimal policy. The proof is in

the appendix.

Proposition 1: Under an optimal hybrid policy with non-zero probabilities that the permit sup-

ply, the price floor, and the price ceiling will bind:

L∗ = Q̂+
E(u|us ≤ u≤ ut)−E(δ |us ≤ u≤ ut)

c2 +d2
; (14)

t∗ = p̂+
d2E(u|u≥ ut)+ c2E(δ |u≥ ut)

c2 +d2
; (15)

s∗ = p̂+
d2E(u|u≤ us)+ c2E(δ |u≤ us)

c2 +d2
. (16)

In Proposition 1, us and ut are evaluated at (L∗, t∗,s∗). (14) through (16) are not solutions for

the optimal policy variables because these variables appear on the right sides of these equations.

However, they are useful for developing intuition about the structure of the optimal hybrid policy,

with the second-best emissions and permit price as benchmarks.

Suppose that the marginal damage function is upward sloping (d2 > 0). Since E(u) = 0, if there

is a non-zero probability that the price ceiling binds (i.e., ut < u), then the conditional expectation

of u given that the ceiling binds is strictly greater than zero (i.e., E(u|u≥ ut)> 0). Hence d2E(u|u≥

ut)> 0 serves to push the price ceiling above the second-best price. Similarly, if there is a non-zero

chance that the price floor binds (i.e., us > u), then the conditional expectation of u given that the

floor binds is strictly less than zero, and d2E(u|u≤ us)< 0 serves to push the price floor below the
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second-best price.

Correlated uncertainty between damage and abatement cost affects the structure of the optimal

hybrid policy in intuitive ways. Recall that in the choice of pure emission trading or a pure emission

tax, a positive correlation between abatement costs and damage tends to favor emission trading,

while a negative correlation tends to favor an emissions tax. This insight has an analogue in the de-

termination of hybrid policies. When u and δ are positively correlated the conditional expectation

of δ given that the ceiling binds is strictly greater than zero (E(δ |u≥ ut)> 0), and the conditional

expectation of δ given that the floor binds is strictly less than zero (E(δ |u ≤ us) < 0). Conse-

quently, the price ceiling is higher and the price floor is lower. Pushing the price controls away

from each other increases the likelihood that the permit supply binds and reduces the likelihood

that either of the price controls bind. This reflects the relative preference for quantity control when

abatement costs and damage are positively correlated. When u and δ are negatively correlated,

then E(δ |u≥ ut)< 0 and E(δ |u≤ us)> 0, and the price ceiling and price floor are pushed closer

together, thereby increasing the likelihood that they bind instead of the permit supply. This reflects

the relative preference for prices when abatement costs and damage are negatively correlated.

Let us now examine how the expected emissions and permit price produced by the optimal

hybrid policy compare to their second-best values. Expected aggregate emissions and the expected

price under (L∗, t∗,s∗) are:

E(Q) =

ˆ
∆

{ˆ us

u
Q(s∗,u)g(u,δ )du+L∗

ˆ ut

us
g(u,δ )du+

ˆ u

ut
Q(t∗,u)g(u,δ )du

}
dδ ; (17)

E(p) =
ˆ

∆

{
s∗
ˆ us

u
g(u,δ )du+

ˆ ut

us
p(L∗,u)g(u,δ )du+ t∗

ˆ u

ut
g(u,δ )du

}
dδ , (18)

where again us and ut are evaluated at (L∗, t∗,s∗), and p(L∗,u) is defined by (9). The following

proposition is proved in the appendix.

Proposition 2: Under an optimal trading program with price controls, the expected aggregate

emissions and permit price are equal to their second-best optimal values, Q̂ and p̂.
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Recall that an optimal pure tax and an optimal pure trading program also produce the second

best emissions and price. Proposition 2 indicates that this result extends to hybrid policies. More-

over, it is straightforward to show that this result also holds for trading programs with one-sided

price controls. It is important to realize that a wide variety of optimally-chosen policies (i.e., pure

taxes, pure trading, trading with one-sided price controls, and trading with two-sided price con-

trols) will all produce the same expected outcome under a wide variety of settings (i.e., asymmetric

and symmetric uncertainty, correlated and uncorrelated abatement costs and damage).

4. Correlated uncertainty and the optimality of a pure emissions tax

To complete the analysis, let us examine how correlated uncertainty affects the choice between

an emissions tax and a hybrid policy, paying particular attention to the optimal policy when the

marginal damage function is flat (i.e., d2 = 0). As noted earlier, the literature on price controls

for permit trading programs has expanded in recent years, largely because of debates about how to

control greenhouse gas emissions. An important characteristic of greenhouse gas control is that the

marginal damage function in a particular time period is essentially flat, and it is widely thought that

a flat marginal damage function calls for control with an emissions tax. In fact, a hybrid trading

program with price controls in this situation is less efficient (Webster et al. 2010). I now revisit

this conclusion when abatement costs and damage may be correlated.

Whether the optimal policy in a particular situation is a hybrid or a pure tax can be determined

from (14) through (16). If the system implies t∗ > s∗ then the optimal policy is a hybrid, but if the

system implies t∗ ≤ s∗ then the optimal policy is a simple tax. Subtracting (16) from (15) yields:

sign(t∗− s∗) = sign
(
d2
{

E(u|u≥ ut)−E(u|u≤ us)
}
+ c2

{
E(δ |u≥ ut)−E(δ |u≤ us)

})
. (19)

As already noted, E(u|u ≥ ut) > 0 and E(u|u ≤ us) < 0; hence, the first term on the right side of

(19), d2 {E(u|u≥ ut)−E(u|u≤ us)}, is greater than zero if d2 > 0 and is equal to zero if d2 = 0.

Therefore, in the absence of correlated uncertainty, the optimal policy is a hybrid if marginal
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damage is increasing, while the optimal policy is a pure tax if marginal damage is constant. Now

suppose that the uncertainty in damage and abatement cost is correlated. Recall that E(δ |u ≥

ut) > 0 and E(δ |u ≤ us) < 0 when damage and abatement costs are positively correlated. Hence,

given c2 > 0 and u and δ are positively correlated, c2 {E(δ |u≥ ut)−E(δ |u≤ us)}> 0, implying

that the optimal policy is always a hybrid under positively correlated damage and abatement cost

uncertainty, even if marginal damage is constant. Under a negative correlation, E(δ |u≥ ut)< 0 and

E(δ |u ≤ us) > 0, and c2 {E(δ |u≥ ut)−E(δ |u≤ us)} < 0. Hence, negatively correlated damage

and abatement costs tends to favor a pure tax over a hybrid policy. In fact, there are circumstances

under which a tax is preferred to a hybrid even if marginal damage is increasing.

The last proposition of the paper collects these insights into the choice of a hybrid emissions

control policy versus an emissions tax under correlated uncertainty.

Proposition 3: When uncertainty about abatement cost and damage is correlated, it is neither

necessary nor sufficient that marginal damage be constant for an emissions tax to be the optimal

policy. In fact, given a constant marginal damage function, a hybrid policy is more efficient than

a simple emissions tax if damage and abatement costs are positively correlated. Moreover, when

marginal damage is increasing, an emissions tax may be more efficient than a hybrid policy if

damage and abatement costs are negatively correlated.

Figures 1 and 2 illustrate the effects of emissions trading with price controls when marginal

damage is constant. In both graphs the optimal tax τ∗ is set equal to the constant expected marginal

damage, E(DQ). The alternative hybrid policy consists of a permit supply L set equal to the second-

best optimal level of emissions where E(−CQ)=E(DQ). The price controls, s and t, are symmetric

around E(DQ), although this feature is not necessary for this illustration. In both graphs, a random

shock results in a higher than expected aggregate marginal abatement cost function,−C0
Q. In Figure

1, uncertainty about abatement cost and damage is negatively correlated so the shock also produces

a lower than expected marginal damage, D0
Q. In Figure 2, uncertainty is positively correlated so

D0
Q is higher than expected.

12



Before considering the role of correlated uncertainty in choosing between a tax and a hybrid,

first note the inefficiency of a hybrid policy when damage and abatement costs are uncorrelated.

In Figure 1, if the shock that moves the aggregate marginal abatement cost function to −C0
Q does

not move expected marginal damage because they are uncorrelated, the optimal level of emissions

is Q0
τ , which is exactly what the firms will choose under the tax τ∗. However, emissions under

the hybrid policy are limited to Q0
h, resulting in a loss of area(a). The hybrid policy is less effi-

cient because it prevents the optimal adjustment of emissions to the change in aggregate marginal

abatement costs.

A negative correlation between damage and abatement costs exacerbates the inefficiency of a

hybrid policy when expected marginal damage is flat. Again in Figure 1, if damage and abatement

costs are negatively correlated, then the shock that increases marginal abatement costs to −C0
Q

simultaneously decreases marginal damage to D0
Q. The optimal outcome is then Q0∗. Since the

hybrid policy limits emissions to Q0
h, the loss under this policy is area(a+b+c). Note that this loss

is greater than the loss from the hybrid when abatement costs and damage are uncorrelated. The

emissions tax τ∗ is more efficient than the hybrid when costs and damage are negatively correlated,

because the random shock causes firms to increase their emissions to Q0
τ >Q0

h, producing a smaller

loss equal to area(c).

On the other hand, a positive correlation between damage and abatement costs makes a hybrid

policy more efficient than a pure tax. In Figure 2, the random shock increases both marginal abate-

ment cost and damage to −C0
Q and D0

Q, respectively, and the optimal outcome is Q0∗. However,

under the tax, firms respond to the shock to abatement costs by increasing their emissions to Q0
τ .

The loss, relative to Q0∗, is equal to area(d + e+ f ). Since the hybrid policy limits the emissions

increase to Q0
h < Q0

τ , it limits the ex post loss to area(d + e), demonstrating that a hybrid policy is

more efficient than a tax in this situation.
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Figure 1: Comparison of a hybrid policy and an emissions tax when expected marginal damage is
constant and abatement costs and damage are negatively correlated

Figure 2: Comparison of a hybrid policy and an emissions tax when expected marginal damage is
constant and abatement costs and damage are positively correlated
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5. Conclusion

I have revisited the problem of how correlated damage and abatement cost uncertainty affects

the optimal choice of policy instruments to control pollution. Previous work has focused on the

choice between a simple emissions tax and a simple emissions trading program, finding that a

positive correlation favors emissions trading while a negative correlation favors an emissions tax.

In this note I have extended the analysis to include hybrid policies, in particular, emissions markets

with price ceilings and floors. A positive correlation between damage and abatement costs tends

to push price controls apart, increasing the likelihood that the permit supply binds. A negative

correlation pushes the price controls together, increasing the likelihood that one of them binds.

Regardless of the structure of correlated uncertainty between damage and abatement costs, an

optimal hybrid policy produces the second-best expected emissions and emissions price. Finally,

a constant marginal damage function, which is so important in the design of policies to control of

greenhouse gas emissions, is neither necessary nor sufficient for an emissions tax to be the optimal

control policy under correlated damage and abatement cost uncertainty. It is well-known that a

hybrid policy is less efficient than a pure tax when damage and abatement costs are uncorrelated.

This inefficiency is exacerbated if there is a negative correlation between damage and abatement

costs. However, if damage and abatement costs are positively correlated, an optimal hybrid policy

will be more efficient than a simple emissions tax.
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Appendix

Proof of Proposition 1: To begin the proof, first note the following: Q(t,ut) = L from (10) and

(8); Q(s,us) = L from (10) and (7); p(L,ut) = t from (9) and (8); p(L,us) = s from (9) and (7);

CQ(Q(t,u),u) = −t and CQ(Q(s,u),u) = −s from (2) and (10). Using these facts, the first order

conditions for (11), given t > s, ut < u, and us > u, can be written as:

WL(L, t,s) =
ˆ

∆

ˆ ut

us
[CQ(L,u)+DQ(L,δ )]g(u,δ )dudδ = 0; (20)

Wt(L, t,s) =
ˆ

∆

ˆ u

ut
[(−t +DQ(Q(t,u),δ ))Qt ]g(u,δ )dudδ = 0; (21)

Ws(L, t,s) =
ˆ

∆

ˆ us

u
[(−s+DQ(Q(s,u),δ ))Qs]g(u,δ )dudδ = 0. (22)

To derive (14), first use (4), (5), and (12) to show

CQ(L,u)+DQ(L,δ ) = (c2 +d2)(L− Q̂)− (u−δ ). (23)

Substitute (23) into (20) to obtain

WL(L, t,s) = (c2 +d2)(L− Q̂)

ˆ
∆

ˆ ut

us
g(u,δ )dudδ −

ˆ
∆

ˆ ut

us
(u−δ )g(u,δ )dudδ = 0. (24)

Note the following:

E(u|us ≤ u≤ ut) =

´
∆

´ ut

us ug(u,δ )dudδ´
∆

´ ut

us g(u,δ )dudδ

;

E(δ |us ≤ u≤ ut) =

´
∆

´ ut

us δg(u,δ )dudδ´
∆

´ ut

us g(u,δ )dudδ

. (25)

Use (25) to rearrange (24) to obtain (14).

To derive (15) substitute Q(t,u) = (c1 + u− t)/c2 from (10) into DQ(Q(t,u),δ ) = d1 + δ +
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d2Q(t,u) to obtain

DQ(Q(t,u),δ ) = d1 +δ +
d2(c1− t)

c2
+

d2u
c2

. (26)

(13) and (26) yield

−t +DQ(Q(t,u),δ ) =
c2 +d2

c2
(−t + p̂)+

d2u
c2

+δ . (27)

Substitute (27) and Qt =−1/c2 into (21) to obtain

Wt(L, t,s) =
ˆ

∆

ˆ u

ut

[
c2 +d2

(c2)2 (t− p̂)− d2u
(c2)2 −

δ

c2

]
g(u,δ )dudδ = 0. (28)

Note the following expectations:

E(u|ut ≤ u) =

´
∆

´ u
ut ug(u,δ )dudδ´

∆

´ u
ut g(u,δ )dudδ

.

E(δ |ut ≤ u) =

´
∆

´ u
ut δg(u,δ )dudδ´

∆

´ u
ut g(u,δ )dudδ

. (29)

Rearrange (28) using (29) to obtain (15).

The derivation of (16) from (22) is very similar. Substitute Q(s,u) = (c1 +u− s)/c2 from (10)

into DQ(Q(s,u),δ ) = d1 +δ +d2Q(s,u) to obtain

DQ(Q(s,u),δ ) = d1 +δ +
d2(c1− s)

c2
+

d2u
c2

. (30)

Use (13) and (30)to show:

−s+DQ(Q(t,u),δ ) =
c2 +d2

c2
(−s+ p̂)+

d2u
c2

+δ . (31)

Substitute (31) and Qs =−1/c2 into (22) to obtain

Ws(L, t,s) =
ˆ

∆

ˆ us

u

[
c2 +d2

(c2)2 (s− p̂)− d2u
(c2)2 −

δ

c2

]
g(u,δ )dudδ = 0. (32)
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With the following:

E(u|u≤ us) =

´
∆

´ us

u u f (u)du´
∆

´ us

u f (u)du
;

E(δ |u≤ us) =

´
∆

´ us

u δ f (u)du´
∆

´ us

u f (u)du
, (33)

rearrange (32) to obtain (16).�

Proof of Proposition 2: Begin the proof by substituting Q(t∗,u)= (c1+u−t∗)/c2 and Q(s∗,u)=

(c1 +u− s∗)/c2 from (10) into (17) and p(L∗,u) = c1 +u− c2L∗ from (9) into (18) to obtain:

E(Q) =

ˆ
∆

{ˆ us

u

(
c1 +u− s∗

c2

)
g(u,δ )du+L∗

ˆ ut

us
g(u,δ )du+

ˆ u

ut

(
c1 +u− t∗

c2

)
g(u,δ )du

}
dδ

= L∗
ˆ

∆

ˆ ut

us
g(u,δ )dudδ +

(
c1− s∗

c2

)ˆ
∆

ˆ us

u
g(u,δ )dudδ +

(
1
c2

)ˆ
∆

ˆ us

u
u f g(u,δ )dudδ

+

(
c1− t∗

c2

)ˆ
∆

ˆ u

ut
g(u,δ )dudδ +

(
1
c2

)ˆ
∆

ˆ u

ut
ug(u,δ )dudδ ; (34)

E(p) =

ˆ
∆

{
s∗
ˆ us

u
g(u,δ )du+

ˆ ut

us
(c1 +u− c2L∗)g(u,δ )du+ t∗

ˆ u

ut
g(u,δ )du

}
dδ

= (c1− c2L∗)
ˆ

∆

ˆ ut

us
g(u,δ )dudδ +

ˆ
∆

ˆ ut

us
ug(u,δ )dudδ + s∗

ˆ
∆

ˆ us

u
g(u,δ )dudδ

+t∗
ˆ

∆

ˆ u

ut
g(u,δ )dudδ . (35)

Define variables z and w such that:

E(Q)− Q̂− z = 0; (36)

E(p)− p̂−w = 0. (37)

18



In addition, define the following:

A =

ˆ
∆

ˆ us

u
g(u,δ )dudδ , B =

ˆ
∆

ˆ ut

us
g(u,δ )dudδ , F =

ˆ
∆

ˆ u

ut
g(u,δ )dudδ ,

G =

ˆ
∆

ˆ us

u
ug(u,δ )dudδ , H =

ˆ
∆

ˆ ut

us
ug(u,δ )dudδ , I =

ˆ
∆

ˆ u

ut
ug(u,δ )dudδ ,

J =

ˆ
∆

ˆ us

u
δg(u,δ )dudδ , K =

ˆ
∆

ˆ ut

us
δg(u,δ )dudδ , M =

ˆ
∆

ˆ u

ut
δg(u,δ )dudδ . (38)

Note that A+B+F = 1 and G+H + I = 0, and J +K +M = 0. Combine (34), (35), and (38) to

write (36) and (37) as:

L∗B+

(
c− s∗

c2

)
A+

(
c− t∗

c2

)
F +

(
G+ I

c2

)
− Q̂− z = 0; (39)

(c1− c2L∗)B+H + s∗A+ t∗F− p̂− z = 0, (40)

respectively. Now use (38), (25), (29), and (33) to write (14), (15), and (16) as

L∗ = Q̂+
(H/B)+(K/B)

c2 +d2
; (41)

t∗ = p̂+
d2(I/F)+ c2(M/F)

c2 +d2
; (42)

s∗ = p̂+
d2(G/A)+ c2(J/A)

c2 +d2
. (43)

Treating all the terms in (38) as constants and noting that p̂ and Q̂ are constants, (39) through

(43), subject to A+ B+ F = 1, G+H + I = 0, J +K +M = 0, Q̂ = (c1− d1)/(c2 + d2), and

p̂ = (d1c2 + c1d2)/(c2 +d2), form a system of five linear equations in five variables, L∗, t∗, s∗, z,

and w. The solution to this system returns (41), (42), and (43), as required. In addition, z = w = 0,

which implies E(Q) = Q̂ and E(p) = p̂. The proof is complete.�
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