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January 18, 2005

Do 5 out of the following 7 questions. Indicate clearly which
questions you want to have graded. Passing standard: 70% with three
problems essentially complete. Justify all your answers.

Problem 1. Let M be a manifold, f: M — R be a smooth map and
p € M a critical point of f.

a) Define what is meant by the Hessian of f at p. If your definition
involves choices, show that the end-result is independent of those
choices.

b) Let f: S™ — R be the map

n+1
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Find the critical points of F'.
c) Compute the Hessian, Hess(f), at each of the critical points
obtained above.

Problem 2. Let H = {(x,y) € R?* : y > 0} with the Lie group
structure defined by the product:

(z,y) = () = (@+2",y9).
a) Find a basis of left-invariant 1-forms on H and define a left-
invariant metric on H.
b) Compute the Gaussian curvature of the metric defined in a).

c) Compute the geodesics of H with respect to the metric defined
in a).

Problem 3. Let f: RP! — RP" be defined by
[s:t] = [s" o 8" M st T,
a) Show that f defines an embedding of RP! in RP".
b) Let 7, — RP™ be the tautological line bundle and 1,, — RP" the

trivial line bundle over RP". What is the relationship between
f*(7,,) and the bundles 7; and 1, over RP!?
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Problem 4. Let (M, g) be an oriented Riemannian manifold and let
2 denote its volume element.
a) Define the Laplace operator A on smooth functions f € C*°(M,R)
on M.
b) If M is compact and f,h : M — R are smooth functions then
prove that

/Mh(Af)Q:—/ g(df, dh)

M
c) Show that if M is compact, every function with Af = 0 is
necessarily constant.

Problem 5. Let G be a compact Lie group and o: G — G a Lie
group homomorphism such that ¢ o o = id.
a) Prove that H = {g: 0(g9) = g} is a compact Lie subgroup of G.
b) Show that G has a bi-invariant Riemannian metric relative to
which o is an isometry.

Problem 6. Consider the 1-forms in R*:

o = (23—23) dr)—22120 dvy+das ;= 20109 dovy+ (23 —23) drg+day

For each p € R%, let
A(p) = {v e T,(RY) : a(p)(v) = B(p)(v) = 0}

a) Show that A is a 2-dimensional involutive distribution in R*.
b) Given p = (0,0,a,b) € R*, construct a function F': U — R
where U C RR? is an open neighborhood of the origin, such that
(a) F(0,0) = (a,b)
(b) Graph(F) C R? is an integral submanifold of A.

Problem 7. We identify S? with the Riemann sphere C U {oo} and
define F': S? — S? by F(z) = 2% if z € C, and F(c0) = oo.

a) Prove that F' is a C* map.

b) Show that for all w € A?(S?),

[Fw=3 ]



