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Instructions 

1. This exam consists of six (6) problems (each of equal weight 20). You need to solve 5 out of 6 
problems and your grade will be evaluated using the fve problems you choose (or the best fve out 
of six problems if you decide to solve all the problems). 

2. In order to pass this exam, it is enough that you solve essentially correctly at least three (3) prob-
lems and that you have an overall score of at least 65%. 

3. State explicitly all results that you use in your proofs and verify that these results apply. 

4. Please write your work and answers clearly in the blank space under each question. 

5. The last page is empty and can be used if you need more space. 
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1. Consider the function F : R → R given by � �−yF (y) = exp −e . 

(a) Show that F is a (cumulative) distribution function for a random variable Y , called the Gum-
bel random variable. 

(b) Let {Xn}∞ 
n=1 be i.i.d. exponential random variables with parameter λ = 1, i.e. � 

1 − e−x if x ≥ 0P(Xn ≤ x) = 
0 if x < 0 

Let MN := max{X1, . . . , XN }. Show that the random variable MN − log(N) converges in 
distribution to a Gumbel random variable. 
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2. Let (Ω, F , P) be a probability space. 

(a) Suppose that the random variable X : Ω → R is non-negative, i.e. X ≥ 0 almost surely. 
Prove that Z ∞ 

E[X] = P[X > t] dt. 
0 

(b) Suppose that the random variable X : Ω → N take values in the non-negative integers. Prove 
that 

∞X 
E[X] = P[X > k]. 

k=0 
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3. Let (Ω, F , P) be a probability space. 

(a) Prove the Borel–Cantelli lemma. That is, show that if {An; n ∈ N} is a sequence of sets in 
F with

P∞ P(An) < ∞, n=1  then P[lim sup An] = 0. n 

(b) Let X : Ω → R and {Xn : Ω → R; n ∈ N} be random variables. Suppose that for any 
ε > 0, we have 

∞X 
P(|Xn − X| ≥ ε) < ∞. 

n=1 

Show that as
Xn −→ X . 
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4. For 1 ≤ p < ∞ let 

Lp = Lp((Ω, F , P)) = {X : Ω → R Borel measurable ; E[|X|p] < ∞} 

and denote 
1 

∥X∥p = E[|X|p] p . 

(a) For 1 ≤ p < q < ∞, show that if X ∈ Lq, then X ∈ Lp. 

(b) For 1 ≤ p < q < ∞, give an example of a random variable X so that X ∈ Lp, but X ∈/ Lq. 

(c) Show that if {pn} is an increasing sequence with limn→∞ pn = q, then limn→∞ ∥X∥pn = 
∥X∥q. 
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5. Suppose Xn is a Markov chain with state space S = {1, 2, . . . , N} and transition matrix P (i, j). 
Let c : S → R be given. For α ∈ (0, 1), defne ϕ : S → R by 

∞X 
αnϕ(i) = E c(Xn)|X0 = i . 

n=0 

(a) Show that the expectation defning ϕ exists and that ϕ is fnite. 

(b) Show that ϕ is the solution of 
ϕ = αP ϕ + c. 

(c) Show that the solution in part (b) is unique. 
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6. Suppose Nt is a Poisson process with rate λ. 

(a) Show that Nt − λt is a martingale with respect to the fltration {Ns}s≥0. 

(b) Compute the covariance of the process, i.e. the function 

c(t, s) = Cov(Nt, Ns). 

(c) Show that conditioned on the event {Nt = 1}, the time of the frst event of the process Nt is 
uniformly distributed on [0, 1]. 
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