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Do all six problems. All problems carry equal weight.
Passing level: 65% with at least three substantially correct.

1 The drag force D on a sphere in fluid depends on the relative velocity v, the sphere radius R, the
fluid density p, and the fluid viscosity pu. Use Pi theorem to show that the physical law about
D,v, R,r, and pu must satisfy G(Dp~'v™2R™2, pvRu~') = 0. Then show that D = Cpv?R?,
where C' is a dimensionless number. (Hint: The dimension of viscosity is Mass x Length™' x
Time '.)

2 Show that the system

' =7r(1 —7r*) + prcosf
0 =1

has a periodic orbit if 4 < 1. Is this periodic a limit cycle?

3 Consider equation
t = px + 13,

where 1 € R is a parameter.

(a) Find all equilibriums as functions of y and determine their stability.

(b) Sketch the bifurcation diagram. Find and classify the bifurcation point.
4 Consider the boundary value problem

ey +y +y=0 0<z<l 0O0<exl
y(0) =0, y(1) =1

Use singular perturbation to find the uniform approximation to the exact solution.

x/:x2+y2_4

5 For system { .
Yy =y—2x

o Find all the critical points, and determine their stability properties

o Sketch the phase diagram

6 Consider the inviscid Burgers equation

02
Uy + (?) =0, z€]l0,2n]

L.
u(z,0) = 5 +sinx

Use the method of characteristics to find the earliest time when discontinuity appears in the
solution, and find the algebraic equation (may be nonlinear) satisfied by the solution u(z,t).
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