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Model description

Assume that individuals are sampled at assortatively from alarge population into groups of
identical sizen, so the conditional probability that a second individual istype S given that the
�rst individual is S is r + (1 � r )x wherex is the frequency of S andr (0 � r � 1) is a
parameter that measures the amount of assortment, and, in a genetic version of the model is
equivalent to the average coef�cient of relatedness among group members. The probability that
it is a different type is then(1� r )(1� x). Whenr = 0, this model represents random interaction;
whenr > 0, individuals with the same strategy are more likely to �nd themselves together in
group than chance alone would dictate. Individuals interact in a repeated game. There is always
a �rst period (the periods and the cooperation, signalling,and punishment stages of each period
are described in the text). All individuals have a baseline �tnessW0, The “costs” and “bene�ts”
are the incremental effects of behavior on individual �tness. The interaction continues to a
another period with constant probabilityw. This means that the expected number of periods
in a interaction,T, is 1=(1 � w), During subsequent periods, there are only cooperation and
punishment stages.

We consider four strategies:

1. Punishers (P� ): During the �rst period, Punishers defect, and then signal their type.
Then if � (0 � � � n � 1) or more other group members have signalled, punishers
punish all individuals who did not signal during the signalling stage. Up until the time
that the �rst defection occurs, they rely on the signal to determine whether an individual
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is a Punisher. Thereafter, they observe the individuals behavior toward the defector. If
there are fewer than� Punishers among the othern � 1 individuals, Punishers neither
cooperate nor punish. If there are� or more, they punish anyone who does not signal.

2. Non-punishers (N): During the �rst period, Non-punishers defect. They do not signal
during the signalling stage. During subsequent periods they cooperate if they were pun-
ished the last time they defected. They never punish.

3. Liars (L): During the �rst period signalling phase, Liars signal that they are Punishers.
After that they count the number of Punishers during the �rstperiod, and cooperate in
subsequent stages if the number of Punishers is greater than� .

4. Cooperators (C)Cooperators cooperate during the �rst stage, and continue to cooperate
if defectors are punished or if all other individuals signala willingness to punish. They
never punish.

Model Analysis

Punishers vs Non-punishers

First consider a population in which there are only Punishers (who all use the same value of� )
and Non-punishers. Letx be the frequency of punishers. We want to calculate the expected �t-
ness of P and N individuals. Letj be the number of Punishers among the othern � 1 individuals
in a group. For Punishersj is distributed binomially with parametersPr( j jP� ) = r + (1 � r )x
andn � 1. For Non-punishersj is distributed binomially with parametersPr( j jN ) = (1 � r )x
andn � 1. Punishers signal in all groups, but cooperate and punish only if j � � . Thus the
expected �tness of aP� individual,W� , is baseline �tness, minus the cost of signalling, minus
the costs of punishing Non-punishers, plus the long term bene�ts associated with the resulting
cooperation (net of the error-induced costs of punishing and being punished), or

W� (x) = W0 � q �
n� 1X

j = �

Pr(j jP� )
(n � 1 � j )k

(j + 1) a +

w
1 � w

n� 1X

j = �

Pr(j jP� )

 

(b� c)(1 � e) �
nek

(j + 1) a
� ep

!

Non-punishers are punished in the �rst round, and then experience the long term bene�ts of
cooperation only ifj � � + 1 because each of the Punishers among the othern � 1 punishes
only if there are at least� other Punishers in the group. Thus if� < n � 1, WN (x) is baseline
�tness minus the costs of being punished plus the long term bene�ts of cooperation (net of the
error-induced punishment received) or
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WN (x) = W0 � p
n� 1X

j = � +1

Pr(j jN ) +
w

1 � w
((b� c)(1 � e) � ep)

n� 1X

j = � +1

Pr(j jN )

If � = n � 1 so that Punishers only punish if all other members of their group are Punishers,
then WN (x) = 0 because Non-punishers never �nd themselves in a group in which either
punishment or cooperation occurs.

Individual reproductive success is proportional an individual's payoff. This means that the
change in frequency of Punishers who use strategyP� is given by:

� x = x(1 � x)
W� (x) � WN (x)

xW� (x) + (1 � x)WN (x)

Thus, equilibria occur atx = 0, x = 1, and values ofx is such thatW� (x) = WN (x).
The �tness difference is then

�( x) = W� (x) � WN (x)

= � q �
n� 1X

j = �

Pr(j jP� )
(n � 1 � j )k

(j + 1) a

+ p
n� 1X

j = � +1

Pr(j jN ) + (( b� c)(1 � e) � ep)
w

1 � w
Pr(� jP� )

�
w

1 � w

n� 1X

j = �

Pr(j jP� )
nek

(j + 1) a

+
w

1 � w
((b� c)(1 � e) � ep)

n� 1X

j = � +1

(Pr( j jP) � Pr( j jN ))

where the second sum is de�ned to be equal to zero if� = n � 1. The �rst term is the cost
of signalling and is paid by punishers in all groups. The second term is cost to punishers of
punishing defectors during the �rst interaction and the third term is the cost to Non-punishers of
being punished. The fourth term is crucial. It gives the additional long term cooperative bene�t
to threshold groups in which each punisher is needed for the maintenance of cooperation. The
�fth term is the long term cost of punishing errors, and the sixth is the increased cooperative
bene�t due to the fact that Punishers are more likely to �nd themselves in cooperative groups
when group formation is assortative.

Suppose that groups are formed at random. Then�( x) becomes

�( x) = � q �
n� 1X

j = �

Pr(j )
(n � 1 � j )k

(j + 1) a
+
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Pr(( j )p

+
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Now consider the evolutionary stability of a population in which Non-punishers are common
(x = 0). If x = 0, Pr(0) = 1 andPr( j ) = 0 for j > 0. If � > 0 so that punishers only punish
if they are together with at least one other punisher, then�(0) = � q � 0. Punishers cannot
invade when rare when groups are formed at random. If� = 0, then

�( x) = � q � (n � 1)k +
w

1 � w
((b� c)(1 � e) � ep� nek)

and Punishers can invade if the long term bene�t of being in a cooperative group is greater than
the cost of punishing every one else in the group during the �rst interaction, and the cost of
punishing all errors. In such groups punishment is privately bene�cial. We will assume from
now on that this condition is not satis�ed.

Clearly, equilibrium frequencies of Punishers will dependon the cost of signalling. The cost
of signalling deters liars who signal but do not punish. Therefore, we next consider whether liars
can invade.

When can Liars invade?

Next consider the �tness of rare Liars. Liars signal so incurthe costq. They are not punished
during the �rst period. In subsequent periods they act just like a Non-punisher and so get the
payoff of Non-punishers in later periods. When groups are formed at random, rare liars will be
in groups without another liar. Thus, the expected payoff ofa rare liar when groups are formed
at random is:

WL (x) = W0 � q+
w

1 � w

n� 1X

j = � +1

Pr(j jN ) (( b� c)(1 � e) � ep)

At equilibriumWN = W� , and thus liars can invade this equilibrium unless

q > p
n� 1X

j = � +1

Pr(j jN )

That is, the cost of signalling must be greater than the expected �rst period cost of being pun-
ished. Note that this depends both on the frequency of punishers and the punishment threshold.
However, as we will seen below the expected cost of being punished during the �rst period is
often only slightly less thanp, especially when there are increasing returns to punishment. Thus
as a �rst approximationp provides a lower bound onq. Punishers can always deter liars if the
cost of signalling is the same as the cost of being punished. Throughout we assume that q =
1.5p

When can cooperators invade?

Next consider the �tness of rare cooperators. Cooperators cooperate during the �rst round, and
however they are punished because they do not signal. They cooperate in subsequent rounds
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do not signal and do not punish, so in subsequent rounds they behave exactly the same as Non-
punishers. Thus the expected payoff of a rare Cooperator when groups are formed at random
is:

WC (x) = W0 +
b
n

� c �
n� 1X

j = � +1

Pr(j jN )p

+
w

1 � w
((b� c)(1 � e) � ep)

n� 1X

j = � +1

Pr(j jN )

Since Cooperators pay the cost of cooperation during the �rst period, they have lower �tness
than Non-punishers, and since at equilibriumWN = W� , and thus Cooperators cannot invade
this equilibrium.

Note here that if Punishers did not Punish non-signalers, the payoff of Cooperators would
be increased by the expected cost of being punished during the �rst period. If that were the
case then the Punisher-Nonpunisher equilibrium would be stable would be only if the cost of
cooperating were greater than the expected cost of being punished. Since Non-punishers won't
be motivated to cooperate unlessp > c � b=n, this would mean that

p > c �
b
n

>
n� 1X

j = � +1

Pr(j jN )p

As we will see the expected cost of being punished is often very close top, so this system could
not robustly resist second order free riders. So, the punishment of Cooperators is crucial for the
stability of the Punisher-Non-Punisher equilibrium.

Is there a ratchet?

Next consider competition between strategies with different values of� . As before, de�neP�

as the punisher strategy with a threshold value of� where� = 0; 1; : : : ; n � 1. We assume
thatP� andN have reached a stable internal equilibrium value and derivethe conditions under
whichP� +1 can invade. Since this is unlikely to be possible unless there is some assortment, in
calculating the �tness of invaders we cannot assume that invaders are by themselves in social
groups. Consider a focalP� +1 invader when this strategy is rare. The probability that a given
individual among the othern � 1 is P� is (1 � r )x̂ wherex̂ is the equilibrium frequency ofP�

in competition withN . Similarly, the probability that another individual isN is (1 � r )(1 � x̂),
and the probability that another individualP� +1 is r . Let the number ofP� individuals among
the othern � 1 equali , the number ofP� +1 individuals among the othern � 1 equalj , and
the number ofN individuals equall . These are distributed as a multinomial with parameters
(1 � r )x, r , (1 � r )(1 � x) andn � 1.

Now compute the expected �tness of a focalP� +1 when this type is rare. Both punishing
types signal. Thus each punisher perceivesi + j signals from others. Ifi + j � � + 1, or
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equivalentlyl � n � 1 � (� + 1) , the number of signalers is greater than� so both types punish
on the �rst interaction and cooperate and punish on subsequent interaction. Ifi + j = � , or
equivalentlyl = n � 1 � � , the focal� + 1 individuals do not punish during the �rst period and
only thej P � individuals punish nonsignalers during the �rst period. Thus soP� +1 individuals
act like liars. During subsequent periods Ifi + j > � , or l < n � 1 � � , neither type punishes
or cooperates.

Thus the expected �tness of a rareP� +1 individuals is:

W� +1 (x) = W0 � q �
n� 2� �X

l=0

Pr(l jP� +1 )
lk

(n � l )a

+
n� 2� �X

l=0

Pr(l jP� +1 )

 

(b� c)(1 � e) �
nek

(n � l )a
� ep

!

Now compare this to the value ofW� now expressed as a function ofl ,

W� (x) = W0 � q �
n� 1� �X

l=0

Pr(l jP� )
lk

(n � l )a

+
w

1 � w

n� 1� �X

l=0

Pr(l jP� )

 

(b� c)(1 � e) �
nek

(n � l + 1) a � ep

!

Now, note thatPr( l jP� +1 ) = Pr( l jP� ) since the probability that each individual among the
othern � 1 individuals in both cases is(1 � r )(1 � x). Thus

W� (x) � W� +1 (x) = � Pr( l = n � 1 � � )

 
(n � 1 � � )k

(� + 1) a

+
w

1 � w

 

(b� c)(1 � e) �
nek

(� + 1) a
� ep

!!

:

That is,W� +1 individuals give up the bene�ts in groups in which there are exactly � punishers.
But this is exactly the only group size in whichW� individuals have a payoff advantage relative
to N . So the bene�ts of cooperation in this group size have to exceed the costs of punishing in
this group size.

Numerical Analysis

We have not been able to use the �tness functions presented above to derive expressions for the
equilibrium frequencies of Punishers and Non-punishers. However, it is easy to compute these
numerically, and in this section we present a range of results obtained in this way.
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Parameter values

We chose the parameter values based on the following reasoning.

� The cost of cooperation (c): This sets the units of the payoff parameters used in the
simulation, so all further parameters will be in units ofc. We chosec = 0:01, with a
baseline �tness ofW0 = 1 so that selection coef�cients are on the order of a few percent.

� The per capita bene�t of full cooperation (b): We consider two values, weakly bene�-
cial b = 2c which would only be favored by kin selection among full sibs,andb = 4c so
that altruism would b e favored by kin selection among half sibs.

� The cost of being punished (p): This value must be greater thanc in order to motivate
individuals to cooperate. We assume thatp = 1:5c.

� The cost of punishing to a single punisher (k): Many people think that punishment is
less costly to the punisher than to the punishee. This intuition may be based on the fact
that punishment is often collective. We simulate over threevalues ofk, :5p, p, and2p.

� The cost of signalling (q): The theory above suggests that the cost of signalling must be
greater than the expected cost of being punished. This is guaranteed ifq = p, and as we
will see the expected cost is often quite close top, so we assumeq = p.

� The effect of number of punishers on the cost of punishing (a): We simulate two
values:a = 1 which means constant per capita cost of punishing, a base case that allows
comparison with previous models, anda = 2 which means that the cost of punishing
decreases linearly with the number of punishers.

� The error rate (e): We simulate three valuese = 0:01, e = 0:1, ande = 0:2.

� Group size (n): We simulate three group sizes,n = 18, n = 36, a ndn = 72.

� Number of interactions (T): We assumeT = 10, T = 25, andT = 50.

� Within group relatedness (r ): We simulate three values random group formation or
r = 0, r = 0:035, and r = 0:07, the latter being the average relatedness in hunter
gatherer groups estimated by Bowles (Science 314, 1569, 2006).

These are varied one parameter at a time from the base case parameter setf b = 2c; a = 2; e =
0:1; n = 18; T = 25; r = 0:0g For the most part we set the base case so that it is the worst
case for cooperation, i.e., the bene�t cost ratio is only 2, the cost of punishment is the same as
the cost of being punished, and 10% of the cooperators defectby mistake meaning that there
are signi�cant costs of punishing even in the long run. The most important exception is the
parametera which means that there are economies of scale in punishment.
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Figure 1: The bene�t (b) of collective action varies. Increasingbincreases the bene�t of cooper-
ation induced by punishment, and thus frequency of Punishers at the stable internal equilibrium
(red dots) and decreases the minimum frequency necessary for Punishers to increase (blue dots).
Note that this minimum value is low when� is small.
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Figure 2: The scale economies in punishment (a) vary. Whena = 1 there are no economies
of scale in punishment. Whena = 2 doubling the number of punishers halves the total cost of
punishment. Without economies of scale, punishment is muchmore costly when� us small,
and thus Punishment can persist at equilibrium only for large value of� .

Figure 3: The cost of punishment (k) varies. Increasing the cost of punishment decreases in-
creases the cost of inducing Non-punishers to cooperate, and also increases the cost of punishing
errors in the longer run. Thus increasing the cost of punishment reduces the range of conditions
under which punishment can evolve.
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Figure 4: The error rate (e) varies. Higher error rates increase the frequency and thusthe cost of
punishment in the long run and thus decrease the bene�t of cooperation induced by punishment.
As a result, as error rates increase, cooperative equilibria exist only at higher values of� .

Figure 5: Group size (n) varies. Larger groups increase the cost of punishment of Non-punishers
during the initial period and errors during later periods. Thus increasingn decreases the range
of conditions which allow for punishment and cooperation atequilibrium.
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Figure 6: The expected number of periods (T) in an interaction varies. Increases in the ex-
pected number of interactions increase the long run bene�tsof cooperation and thus increase
the range of conditions which allow for stable punishment and cooperation. This �gure shows
why experiments of ten rounds often �nd that the availability of a punishment option lowers
payoffs (punishment occurs and is costly, but does not succeed in coordinating on the interior
cooperative equilibrium resulting in a net loss.)

Figure 7: The relatedness (r ) among group members vary. In the base case, groups are formed
at random, and that means that Punishers are rare, they are alone in groups and can only induce
cooperation if they are willing to act alone. Increasingr means that there is a positive probabil-
ity that more than one punisher will be together in groups even when Punishers are rare. Thus
for small values of� , punishment can increase when rare even whenr is assumed to be be-
tween 0.035 and 0.07 the latter being the mean value measuredamong contemporary foraging
populations.
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Figure 1 plots results for this model. Each �gure gives the possible equilibria as a function
of the � value used by Punishers. Red dots are stable equilibria, andblue dots are unstable
equilibria marking the boundaries between the basins of attraction of adjacent stable equilibria.

These results are surprisingly insensitive to variation inmost of the parameter values. For
most of the range of parameters simulated, there is a minimumvalue of� . For values slightly
greater than that value the minimum frequency necessary forPunishers to increase is low, and
nearly maximum average �tness is achieved.

For the most part variation among results, can be understoodas resulting from a tradeoff
between the �rst-period costs of inducing Non-punishers tocooperate, and the long run bene�t
from the cooperation thereby induced. Note that the magnitude of p is determined byc—the
cost of being punished only has to be suf�ciently large to induce Non-punishers to cooperate.
The cost of punishing is scaled relative tok. The other parameters �t into two categories. The
parametersa, e, b, n andT affect the cost of punishing and the long run bene�t. Their effect
can be understood in terms of how they affect this balance. The effect ofa is especially strong
because it has a very large effect on how the cost of punishingvaries as the number of Punishers
in the groups increases. The parameterr re�ects the population structure, and has large effects
when Punishers are rare. S m all positive values ofr create a plausible set of conditions allows
punishment to increase when rare. This is especially true for r = 0:07, it is nearly true for
r = 0:035and is true for larger values ofb.

12


