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Econometrica, Vol. 29, No. 4 (October 1961)

THE STABILITY OF DYNAMIC PROCESSES1
BY HIROFUMI UZAWA2
In this paper the stability problem of general dynamic processes is investigated by the classical Lyapunov second method. The stability theorem will be
applied to handle the price adjustment process in a competitive economy and
generalize some of the results recently obtained by K. J. Arrow, H. K. Block,
and L. Hurwicz.
1. INTRODUCTION

IN ECONOMIC
analysis we are often concernedwith the problemof whether or
not the values of prices or quantities changing subject to certain economic
laws approach equilibriumvalues.3 In recent papers by Arrow and Hurwicz
[2] and Arrow,Block, and Hurwicz [1], the stability problemwas extensively
investigated for the price adjustment processes in the competitive market.
Following the tradition of Samuelson [8] and Lange [5], they formulate the
price adjustment processes by systems of differential equations and ask
under what economic conditions the stability of the processes does hold. In
the theory of optimum resource allocation, dynamic processes which
represent the competitive mechanism are also formulated as systems of differential equations and it is questioned whether or not the optimum activity
levels are stable (see, e.g., Arrow, Hurwicz, and Uzawa [4, Part II], and
Arrow and Hurwicz [3]).
It may be of some interest to investigate the stability of dynamic processes
from a unified point of view. In the present paper we consider a system of
differential equations that represents a general dynamic process and gives a
sufficient condition for the stability of the system. The condition modifies
the Lyapunov second method4in such a way that it may be suitably applied
to various dynamic processes in economic analysis.
In later sections we consider price adjustment processes in competitive
markets and show that the present stability theorem may be applied to
handle those cases such as the gross-substitutecase, the two-commodity case,
and the one-consumer case.
1 This work was supported by the Office of Naval Research under Task NR-047-004.
Part of the results were read at the Chicago meeting of the Econometric Society on
December 28, 1958.
2 The author is indebted to K. J. Arrow, G. Debreu, and L. Hurwicz for their
valuable comments and criticisms. He also wishes to acknowledge the referee of this
journal for pointing out several mistakes contained in an earlier version of the paper.
3 The first rigorous treatment of the stability problem in economic analysis was done
by Samuelson [8].
4See Lyapunov [6] and Malkin [7].
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2. STABILITYAND QUASI-STABILITY
Let f(x) =[fi(x),..

be an n-vector valued continuous function

-, fn(x)]

defined on a set Q of n-vectors, x = (xi,..., xn). Let us now consider a dynamic process representedby the following system of differentialequations:
(i _ 1,.., n)
(1)
xs = f(x)
with an initial position x? = (X1,...j xn) in Q. In most of the applications in

economic analysis, Q is either the set of all nonnegative n-vectors or the set
of all positive n-vectors.5It will be assumed that:
(A) For any initial position x? in Q, the process (1) has a solution x(t;xO)
for all t > 0, whichis uniquelydeterminedby x? and is continuouswith respect
to xA.
In what follows, a solution x(t; xO)to a system of differential equationsis
always supposedto be defined for all t > 0.
An n-vector x - (xl,..., x") in Q is called an equilibriumif
f(x) = 0.
(2)
The set of all equilibriais denoted by E. Sincef(x) is continuous, the set E is
closed in Q.
The process (1) is called (globally) stableif, for any initial position x? in Q,
the solution x(t; xO)to the process (1) converges to an equibriumx.
The process (1) is in the present paper called quasi-stableif, for any initial
position x? in Q,
(3) the solution x(t; xO)is bounded; i.e., there exists a number K such that
-K < x(t x?) A K
forall t>_O,
and
(4) every limit-point of x(t;xO),as t tends to infinity, is an equilibrium;
i.e., if for some sequence {t: v = 1,2,.. .} such thattv - oo, limv< x(tv)
exists, then limv,.Ox(tv)is an equilibrium.
Let us define the distance of x to the set E by6
x Q.
V(x) = inf Jx-xJ2,
eEE

If E is a closed set, we may write
V(x) = minJx-x12,

x Q.

$?E

5 An n-vector x is called nonnegative (positive) if all the components are nonnegative (positive).
6 For any vector u = (u1i...,
us), we denote the length of u by Jul:
n

1/2
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If the set Q is closed, or generally if the solution to the process (1) remains
in a closed set in Q, then the condition (3) for quasi-stability may be replaced
by
(5)

lim V[x(t; xO)] = 0.
t)OO

In fact, let the condition (5) be satisfied. Then we have by the continuity
of V(x) that for any limit-point x* of x(t; xO)
V(x*)

=

lim V[x(t,;xO)]

=

lim V[x(t; xO)] = 0.

Hence
x*e E.

On the other hand, let the condition (4) be satisfied. Take any limit-value
V* of V[x(t; xO)] and consider a sequence {t,; v = 1,2,...} such that t,
oo
(v o? ox) and V* = limv,, V[x(t,;xO)]. Since, by (3), x(t;xO) is bounded,
there exists a subsequence {t4',;k = 1,2,.. .} such that limk ,- x(t,,;xO) exists

and is equal to, say x*:
lim X(tvk; XO).

x*

By the condition (4) we have
x* s?E.

Therefore,by the continuity of V(x),
V*-=

lm V[x(t;xO)]

=

lim V[x(tvk;xO)

=

V(x*)

=

0,

k.,o

vea>)

which shows that the relation (5) holds.
If the process is stable, it is quasi-stable. On the other hand, if the set E of

equilibria is finite, or more generally countable, then the quasi-stability is
equivalent to stability.7
3. A STABILITYTHEOREM

In this section we shall be concernedwith a modification of the Lyapunov
second method.
STABILITY THEOREM 1: Letf(x)

satisfy conditions (A) and:
(B) For any initial position x? in Q, the solutionx(t;xO) to the system (1) is

contained in a compact set in Q,:8 and
7 This remark is due to K. J. Arrow.
8 A set of vectors is called compact if it is closed and bounded.
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(C) Thereexists a continuousfunction 0(x) definedon Q such that,for any
x? s Q, thefunction
9p(t)= 0[x(t;x?)]

is a strictlydecreasingfunctionwithrespectto t unless x(t;xO)is an equilibrium.
Then the process (1) is quasi-stable.
Proof. Let x(t) = x(t;xO) be the solution to the process (1) with an initial
position x? in Q, and qp(t)= '[x(t)].
By condition (B) the set {x(t): 0 S t < oo} is contained in a compact set

in Q. The continuity of the function 0(x), therefore, implies that the set
{P[x(t)]} is also bounded. On the other hand, by condition (C), q,(t)is a nonincreasingfunction of t. Hence limt,. p(t) exists, and is equal to, say, p*:
=

lim q(t).

We shall show that any limit point x* of x(t) is an equilibrium.Let x* be
a limit point of x(t) as t tends to infinity; i.e., there exists a sequence {t, v _
1,2,.. .}, t, - oo (v s* o), such that

x* = lim x(t,).

By (B), x* is contained in Q. Consider the solution x*(t) = x(t;x*) to the
process (1) with initial position x*, and let
9*(t)=

1Ix*(t)]*

Since 0(x) and x(t; xO)are continuous with respect to x and x?, respectively,

we have
99*(t)

- P[x(t;x*)] _ OFlim x(t;x(tv))] = lim O[x(t;x(tV))]
V'0

V_->0

But, since the solution is uniquely determinedby the initial position, we have
x(t; x(t')) - x(t + tv;xO)

Hence
9* (t)

=

lim T[x(t + tv; x)]

=

lim p(t + t)

=

qA*,

for all t > 0.

Therefore, by condition (C), x* - x*(0) is an equilibrium. This proves that
the process (1) is quasi-stable.
Q.E.D.
The function 0(x) satisfying condition (C) will be referredto as a modified
Lya.punovfunction with respect to the process (1). It may be noted that,
when P(x) is differentiable with respect to x s Q, condition(C)is implied by
the following
for all non-equilibriumx e Q.
(C')
-Xfi(x) < 0
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The Lyapunov second method requires the existence of a function 0(x)
which is definite, differentiable,and satisfies condition (C'). He confines
himself to the cases where the equilibrium is uniquely determined; and his
concept of stability is different from that of asymptotic stability.
4.

QUASI-INTEGRABLE PROCESSES

As an application of the Stability Theorem 1provedin the previoussection,
we consider a certain class of dynamic processes.
The process (1) is called quasi-integrableif there exists a differentiable
function 0(x) and n positive functions Ai(x),.. ., An(x),all defined on Q, such
that
(6)

i=-A(x)fl(x),

i = 1,2,...,n, for all x e Q .

The function P(x) satisfying (6) is a modified Lyapunov function with
respect to the process (1). In fact, we have
n~~~~~j
-fi (x) = - I

ZXi
i= bi

i(x)fi(x)

< 0

unless x is an equilibrium.
Therefore,by applying the Stability Theorem, it can be shown that if the
process (1) is quasi-integrableand conditions (A) and (B) are satisfied, then
the process (1) is quasi-stable.
In particular, let us consider the case in which Q is the set of all positive
n-vectors and f(x) = (fi(x),..., fn(x)) is differentiableand has a symmetrical
matrix of partial derivatives:
(7)

aafi= aaf? for all i,j

,., n and xeQ .

Then it is well known that there exists a continuously differentiablefunction
?(x) on Q such that
for all i = I,.. ., n, and x e Q .
=-fi(x),
Zx-,
Hence, in this case, the process (1) is quasi-integrable.
(8)

5. THE STABILITY OF PRICE ADJUSTMENT PROCESSES:
THE NON-NORMALIZED CASE

In the next two sections we shall investigate the stability of the price
adjustment process in a competitive economy.
Let us consider an economic system in which commodities are well defined
and for any price system the excess amount of demandover supply is uniquely
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HIROFUMI UZAWA

determined. Commodities are denoted by i = 0,1,..., n; a price system is
(po,p,. .., pn) and hi(p) denotes the excess
denoted by an n + 1-vectorp
amount of demand over supply for commodity i when the prices system p
prevails in the economy, i = 0,1,..., n. We assume that the excessdemand
function h(p) = (ho(p),hi(p)... h(p)) is defined at all positive price vectors
P = (PO,P.1 p n) > 0. It will be further assumed that
(H) hi(p) is positively homogeneousof order0: hi(Afi) hi(p), for any price
vectorp > 0 and any positive numberA > 0, i = 0,1,..., n.
(E) There exists a positive equilibrium price vector Pi

(PO,pl,.**,

fn)

>

0.

We considerthe price adjustment processin which the price of a commodity
rises when there is a positive excess demand, and falls when there is a negative excess demand (a positive excess supply). As Samuelson [8], Lange [5],
and Arrowand Hurwicz [2] suggest, we formulate the competitive price adjustment process by a system of differential equations.
We first consider a non-normalizedprice adjustment process defined by
the following system of differential equations:
(i = 0,1

dt f(p)

(9)

n)

wherefi(p) is a function defined at any positive price vector p and has the
same sign as the excess demand function hi(p):
signfi(p)=sign

(i =

hi(.P)

,l,...,n).

It will be assumed again that condition (A) is satisfied for the process (7) and
= {p-=(.PO,P1,

...... pn)

>

:P

?}

-

The StronglyGrossSubstituteCase.
It is said that all commodities are stronglygross substitutesif the excess
demandfunction h(p) = (ho(p)hi(p),...h(p)) is differentiableat all positive
price vectorsp = (Po,Pi,.. ., p) > 0; and
-hj > 0

fori : jandp > O.

In the strongly gross substitute case we have the following:
LEMMA

1: If all commoditiesare stronglygross substitutesand conditions(H)

and (E) are satisfied, then the equilibrium price vector i

=

(Po,pi,...,

fin)

is

uniquely (ufpto a scalar multiple) determined,and, for any positive price
p
vectorfi

(pO,pl,..*, pn) which is not an equilibrium price vector, we have
hi lp <X

0, Ilk (/ >&

0
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wherei and k are indices suchthat
(I10)
1=0))
P(

Pi -

max -=,
.. .,n p1

P
min 73k j=o,1,... ,n Apj

Lemma 1 has been proved by Arrow, Block, and Hurwicz [1], and will be
used in proving the following stability theorem:9
2: If all commoditiesare stronglygross substitutesand
conditions(A), (H), and (E) are satisfied, then theprice adjustmentprocess (9)
is stable.
STABILITY THEOREM

Proof. Let A(p) and 4(p) be two functions defined by
(11)

=

A(P)

h

max

and
4(p) =

(12)

min
j=O,1 ...,n

where fi is a positive equilibriumprice vector. We shall show Ai(p)and -4(p)
are modified Lyapunov functions with respect to the process (9).
Let p(t) = p5p;pO] be the solution to the process (9) with an arbitrary
positive initial vector pO and A(t)= A[p(t;pO)], A(t)= 4[p(t;pO)]. It will
suffice to show that
m(t + h) -(t)<0,

(13)
and

lim (_(t+ h)

(14)

(t)0

h->O

with strict inequalities if p(t) is not an equilibrium.
Since (13) and (14) are proved similarly, we shall, for example, prove the
inequality (13). From (11) for any t there exists an index i such that'0
1_

_t+

1&.O

h)

A(t)

h

where
ie I(p (t)) (t
pf-j .Pd..)

1 dpj
pTdt
x,pJ

9 See Theorem I in Arrow, Block, and Hurwicz [1, p. 95].
10The existence of such an index i was discussed in a similar context by Arrow,
Block, and Hurwicz [1, pp. 96-97].
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In fact, there is a sequence {h,} such that
h-

0 (v -> c),

and
lim A(t+ h) -(t)

n(t) t + hV)
lim
Ar

h-*0

'P->OO

it

lip

Since the number of indices in I(P(t)) is finite, there is at least one index i
such that i e I(p(t)) and
lir
Veaoo

A(t+h7)-A(t)
hv

= lim I (Pi(t+hv)-Pi(t)W
hp

v)

/

=

pi(t + h) -Pi(t)

i_
h 0

h
A

f

(by the differentiability of Pi(t))

1 df
id

Hence, by (9),

(15)

by ((t

+ h)-(t)

1m

=

Sincefi[p(t)] and hi[f(t)] have the same sign, we have, by Lemma 1,
(16)
fi[P(t)]S 0?
with strict inequality if p(t) is not an equilibrium. By (15) and (16) we have
(13).
The inequalities (13) and (14) now imply that A(t) and (--?it)are strictly
decreasingwhenever p(t) is not an equilibrium. Hence A(p) and -4(p) are
modified Lyapunov functions. We have, in particular,
(17)

0 < A(?) S (t)

(t) S

(0)

The solutionp(t) is, therefore,contained in a compact set {P;4(,O) S Pil/0 <
A(po), i = 01,..., n} of positive vectors. By applyingthe Stability Theorem2,
any limit point of p(t), as t tends to infinity, is an equilibrium;in particular,
there exists a sequence {t,; v = 1,2,.. .} such that tv

oo (v so)

and

lim PJ(VV)1(iOl,n.
Hence
lim

(t)

lim A(t') = I

But
(21)<P1t()

<

A(t) ,

for all t and j 0,=,.,

n,

and (At)and A(t)are both bounded and monotone. Therefore,
lim Pi(t)
t* oo

always exists and equals 1, for j = 0,1,.,

n.

Q.E.D.
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The WeaklyGrossSubstituteCase.
It may be of some interest to investigate the stability of the competitive
price adjustment process when all commodities are weaklygross substitutes;
i.e., when the excessdemandfunction h(p) is differentiableat all positive price
vectorsfi > 0, and

zhi ,
->0

for i

j andp > 0.

In this case the uniqueness of equilibrium price vectors does not hold, and
Lemma I may be modified as follows:
LEMMA2. If all commoditiesare weaklygross substitutesand conditions(H)
and (E) are satisfied, then,for any positive price vectorp = (po,pl,.. .,py), we

have
hi(p)

0, hk(P) > 0,

wherei and k are indices such that (10) holds.
We have the following:
STABILITYTHEOREM3: If all commoditiesare weaklygross substitutesand
conditions(A), (H), (E), and
(W) the WalrasLaw:

p *h(p)=

zpjhi(p)

j>o

= 0, for any p > 0,

thentheprocess(9) is stable,provided
f;(p) = F1[h(p)], F; > 0, F(0) =0

(j =0,l,...,n)

.

Proof. Let A(p) andd4(p) be the functions defined by (11) and (12). Then,
by Lemma 2, A(t)and -A(t) are nonincreasing.Hence the solution p(t) to the
process (9) with any positive initial position pOis contained in a compact set
{p ;4(pO) < pi/pi S A(pO), i = 0,1, .. .,n} of positive vectors.
Considerthe function 0(p) defined by
(18)

i(p)

m
max

f-

(P.

It is noted that
(19)

(P) > 0

with strict inequality unless p is an equilibrium. In fact, 0i(p) S 0 implies

that
fA(p)?

(j=0,1,...,n
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We then have
h1(P)< OO
which, by the Walras Law (W), implies that

(j

hi(P)=O 0,1,...,n)

We show that the function P(p) is a modified Lyapunov function with
respect to the process (9). Let
99(t) =

and
W(t) = lim 99(t+ h)-p(t)
In order to prove that P(p) is a modified Lyapunov function, it will
suffice to show that
for all t > O,
W(t) <?O,
with strict inequality unless p(t) is an equilibrium.
For any t there exists a commodity i such that
f(t)
I,(t

f_=

f(t)

max

-

Pi() =01)..)nPA(t)

and

d rf t)i

W(t) = dp-(t)]
where
fj(t) = f[fi(0]
h(Ihhi(t)
,

=

Calculating (d/dt) {fj(t)/ip(t)}, we have
1 fn

fW(P)
W(t)

2

f

f+2(p)
2

jobp

n

fi

pj-fA(p)I

wherep =p(t).
But,
-,

-fj (p) =

Fi j2y

fj (P) =

P0

bpi
PiJZO
?i--

*oPr

p--=F
fSp)+fSp)

p-

?bO

Hence,
W(O)

<

unless p(t) is an equilibrium.

fj(P)

Fi 7Xfi (P) +

[i(t)

=

p(t)2

<

0,

=
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By the Stability Theorenm1 the process (9) is quasi-stable. Let p* be any
limit point of p(t) as t tends to infinity:
p* lim p(tv),
V-400

for some subsequence {4t}, such that t, -soo (v -s co).

Define A*(p) and 4* (p) by

A*(p) =max

pt,

P1

4* [p(t)] are bounded and monotone,

Since A*(t)= A*[p(t)] and A*(t)
lim A*(t)
t>0oo

k.

min

A*(p)

lim A*(t)
t>0oo

and

both exist. But, by the quasi-stability,
r *(t)
lim A*(t)
lim
t>0oo

=

t>0oo

1

Hence,
limp (t)

p*.

Q.E.D.

The WeakAxiom of RevealedPreferenceCase.
We shall next investigate the case in which the weak axiom of revealed
preferencefor the excess demand holds at an equilibrium:
n

ii*h(f)

(20)

E pjh>(p) > ?

J=0

for any equilibrium0 and non-equilibriump.
Considerthe price adjustment process defined by the following system of
differentialequations:
0
if Pi = 0,fi(fi) < 0,
dpi
(21)
dt -f4p),
(21)
otherwise,
where
(i = 0,1, .. ., n)
fi(p) = rihi(p)
with positive rates rj of speed of adjustment.
Then we can prove that:11
_

STABILITY THEOREM 4: If the excessdemandfunctionh(p) satisfies (H), (E),
(W), and the weakaxiom of revealedpreferenceat an equilibrium,and condition
(A) is satisfiedfor theprocess(21), thentheprocess (21) is stable.
11

See Arrow, Block, and Hurwicz [1, pp. 102-3].
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Proof. Let fi be any equilibriumand 0(p) be defined by
n1

-= i j

(22)

Then, denoting summing over those indices i for which pf > 0 or p=
fi(p) > Oby S,we

0 and

have
n

~'-fdP

=

~(Pi-k i(i)d) +

~2(Pi-k hi(P) =

<
i=o

~

(pi-p)h,(p)

S

h~
pfhi(p)

-E
i=O

By the weak axiom (20), 0i(p) is a modified Lyapunov function with

respect to process (21). The Walras Law (W), however, implies that, for any
solution p(t) to the process (21),
n1
E _ P2

n I
E

_P2

(t)

(0);

hence condition (B) is satisfied. By applying the Stability Theorem 1, the
process (21) is quasi-stable,i.e., any limit point of p(t) is an equilibrium.
Let p* be a limit point of p(t), and {t,} a subsequence such tha tv
(v oo cc) and
lim p(tG).
p*-

-+00

V -+ 00

Let the function 0*(p) be defined by (22) with i

=

p*. Then

i*[p(t)] is a

nonincreasingfunction of t; hence limt,00 P*[P(t)]exists.
By using the continuity of the solution of the process (21) with respect to
the initial position, we have
lim 0*[p(t)]

t-*0o

=

0*(P*)

=

0,

which shows that f(t) itself converges to equilibriump*.

Q.E.D.

Case.
The Two-Commodity
Let us consider the stability of the price adjustment process in the case
in which the number of commodities is two, and for one of the two commodities, say commodity 1,
(23) hi(1,pi) * 0, accordingto whether Pi is sufficiently large or small.
Consider the function

(24)

O(PO,Pi) =

i(po,pi) defined by

-r

hi(l,v)dv,

for (Po,Pi) > 0.

DYNAMIC PROCESSES
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Differentiating (24) with respect to Po and pi, respectively, and using the
Walras Law (W) and the homogeneity (H), we get
_

Piip'

apl

o-

hi 1,

P2

po-ho(fio,Pi)

Hence we have
(25)

=
-ofo(p) + -pfi(p)
bPi
bfPo

I--

Po

[fo(p)ho(p)+fi(p)hi(p)).

Sincefo(p) and fi(p) have the same signs as ho(p)and hi(p), respectively, the
relation (25) implies that the function 0(p) defined by (24) is a modified
Lyapunov function. It is also easily shown that the assumption (23) together
with (A) implies that the solution to the system (9) remains positive for any
positive initial price vector. The system (9) is thereforequasi-stablein the twocommoditycase,providedconditions(A) and (23) are satisfied and the solution
is always bounded.'2
6. THE STABILITY OF PRICE ADJUSTMENT PROCESSES: THE NORMALIZED CASE

In this section we consider normalized price adjustment processes. Let
us take a commodity, say commodity 0, as a numeraire,i.e., the price of
commodity 0 is to be fixed at one:
Po=

1.

By a price vector p is now meant an n-vector with positive components:

(i 1,2,...,In).
(Pi, .-.,pn) ;
fip>O
The excess demand function h(p) may be considered in this case as an nvector valued function defined on positive n-vectorsp= (Pi,..., pn):
p

h(p)

=

(hi(p), . . hn(p -

The competitive price adjustment process may be represented by the
following system of differential equations:
(26)

dp

n)

with positive initial price vector pO (pi, .. ., pn), wheref,(P) are functions
defined at any positive price vectors and
n) .
(i = 1
sign hi
signfi(p)
12 See Remark on [1, p. 108]. The boundedness assumption, however, seems to be
needed. For this point, the author particularly owes gratitude to the referee.
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It will again be assumed that condition (A) is satisfied for the process (26).
By using the Stability Theorem 1 we can investigate the stability of the
process (26) in those cases which we investigated in Section 5. For example,
let us consider the strongly gross substitute case.
STABILITYTHEOREM5: If all commodities are strongly gross substitute and

conditions(A), (H), and (E) are satisfied, thentheprocess (26) is stable.
Proof. Let the functions A(p)and (4p) be defined by (11) and (12), where
po(t)

=
Po

1.

It is easily derived from Lemma 1 that
lim (t+ h)
h
h_*O

(27)

with strict inequality if A(t) > I and
lim P + h)

(28)

h

;W 0

h_*O

with strict inequality if A(t)< 1. Hence the solution p(t) is contained in a
compact set of positive vectors.
The relations (27) and (28) show that the function P(p) defined by
O(P) =- (p) -4(P)

is a modified Lyapunov function. The Stability Theorem 1 may, therefore,be
applied and we know that the process (26) is quasi-stable. Since the normalized prince vector fi =
fi ) is uniquely determined, the process (26) is
Q.E.D.
stable.
Stanford University
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