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Abstract

We study the low-temperature physics of the spin-1/2 Heisenberg antiferromagnet on a pyrochlore lattice and find a“fingerprint” evidence for the thermal
spin-ice state in this frustrated quantum magnet. The identification of the spin-ice state is done through a remarkably accurate microscopic correspondence
for static structure factor between the quantum Heisenberg and classical Heisenberg/Ising models, and the characteristic bow-tie pattern with pinch points.
The dynamic structure factor is consistent with di↵usive spinon dynamics at pinch points.

Frustrated Magnets

Frustration

• (classical) massive degenerate ground state

• strong correlations/fluctuations

• novel phases, including spin liquids

• common in many real materials

• typical example in 3D: pyrochlore lattice

Model

AF quantum Heisenberg model on pyrochlore lattice

H = J
X

<ij>

Si · Sj (J > 0)

no controlled method to study the low temperature physics so far

Diagrammatic Monte Carlo

Spin Fermionization
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• complex chemical potential term: exact cancelation of all unphysical contributions in
grand-canonical statistics

• interacting flat-band fermionic Hamiltonian

Feynman Diagrams & DiagMC

Full Green’s function: expansion of Feynman diagrams in bare Green’s function and coupling
constant
Dyson equations:

G↵ = G(0)

↵ +G(0)

↵ ⌃↵G↵

ˆU =

ˆJ � ˆJ · ˆ⇧ · ˆU
Susceptibility:
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Series Convergence

Uniform susceptibility �u

�u =
X

r

Z �

0

d⌧�(r, ⌧ )

• High temperature expansion diverges at T < J

• DiagMC converges down to T/J ⇡ 1/6
) strongly correlated regime!

• Convergence after 6th order diagrams
) cancellation of 113824 diagrams

HTE: H. J. Schmidt, A. Lohmann, and J. Richter, P. R. B 84, 104443 (2011).

Spin Ice: Static Structure Factor

Structure factor in the momentum–Matsubara-frequency domain

S(Q, i!n) =
1

V

X

i,j

Z �

0

d⌧�(ri, rj; ⌧ )e
�i[Q·(rj�ri)+!n⌧ ]

S(Q, i!n = 0) in the ([hh0][00l]) plane (left: T = 2J ; right: T = J/6)

• high-T(2J):
checkerboard pattern

• low-T(J/6):
bow-tie pattern with pinch points

Spin Ice: Static Structure Factor

Pinch points are direct consequences of ’2-in/2-out’ ice rule.

Around the pinch points, structure factor has
pseudo-dipolar singularities:

S(Q
pinch

+ q) / q2?
q2k + q2?

Spin Ice: Quantum-to-Classical Correspondence

Static spin-spin correlation function:

�(r) ⌘
Z �

0

d⌧�(r
0

, ri; ⌧ )

Compare the normalized static correlator
f (r) = �(r)

�(0) in

• quantum Heisenberg model (QH)

• classical Heisenberg model (CH)

• Ising model

The QCC holds for:

• only static correlations, but not for
equal-time correlations

• all distances starting from the nearest-
neighbor sites

• not only high-T limit but also intermedi-
ate temperature regime (down to J/6)

* Similar QCC between quantum and clas-
sical Heisenberg model was also found on
triangular and square lattice [?]

Spin Ice: Dynamics

Dynamic structure factor S(Q,!) From Matsubara frequency functions to real frequency
(numerical analytic continuation) :

S(Q, i!n) =
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•Q
1

(pinch point): di↵usive (Drude-type) spinon
peak

•Q
2

(on the nodal line): spinon contributions get
suppressed due to ice rule;
a broad continuum originating from local spin fluc-
tuations
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dŚĞ�E^&�ůŽŐŽ�ŝƐ�ƚŚĞ�ĐŽƌĞ�ĐŽŵƉŽŶĞŶƚ�ŽĨ�ŽƵƌ�ŝĚĞŶƟƚǇ͘��/ƚ�ĐƌĞĂƚĞƐ�Ă�ĚŝƐƟŶĐƟǀĞ�
ŐƌĂƉŚŝĐ�ƉƌĞƐĞŶĐĞ�ĨŽƌ�ŽƵƌ�ŽƌŐĂŶŝǌĂƟŽŶ�ĂŶĚ�ƐĞƌǀĞƐ�ĂƐ�Ă�ǀŝƐƵĂů�ƐŝŐŶĂƚƵƌĞ͘��
tŚĞŶĞǀĞƌ�ƉŽƐƐŝďůĞ͕�ƚŚĞ�ϰͲĐŽůŽƌ�ŚŝŐŚ�ƌĞƐŽůƵƟŽŶ�ďŝƚŵĂƉ�ůŽŐŽ�ƐŚŽƵůĚ�ďĞ�ƵƐĞĚ�
;ƐŚŽǁŶ�Ăƚ�ůĞŌͿ͘��

,ŽǁĞǀĞƌ͕ �ƚŚĞƌĞ�ĂƌĞ�ŝŶƐƚĂŶĐĞƐ�ǁŚĞŶ�ƚŚĞƐĞ�ĐŽůŽƌƐ�ĂƌĞ�ŶŽƚ�ǀŝƐƵĂůůǇ�Žƌ�ƚĞĐŚŶŝͲ
ĐĂůůǇ�ĐŽŵƉĂƟďůĞ�ǁŝƚŚ�ƚŚĞ�ŽǀĞƌĂůů�ĚĞƐŝŐŶ�Žƌ�ƐƉĞĐŝĮĐ�ŵĞĚŝƵŵ�ďĞŝŶŐ�ƵƐĞĚ͘��dŚĞ�
ĨŽůůŽǁŝŶŐ�ĂƌĞ�Ă�ĨĞǁ�ĞǆĂŵƉůĞƐ�ŽĨ�ǁŚĞŶ�ŽƚŚĞƌ�ĨŽƌŵĂƚƐ�ŽĨ�ƚŚĞ�ůŽŐŽ�ŵƵƐƚ�ďĞ�
ƵƐĞĚ͘��EŽƟĐĞ�ŚŽǁĞǀĞƌ͕ �ƚŚĂƚ�ƚŚĞ�ĨƵŶĚĂŵĞŶƚĂů�ĐŽůŽƌƐ�ŶĞǀĞƌ�ĐŚĂŶŐĞ͕�ĂŶĚ�ƚŚĞ�
ůŽŐŽ�ŵĂŝŶƚĂŝŶƐ�ŝƚƐ�ǀŝƐƵĂů�ŝŶƚĞŐƌŝƚǇ�ƚŚƌŽƵŐŚŽƵƚ͘���

dŚĞ�ϰͲĐŽůŽƌ�ǀĞĐƚŽƌ�ůŽŐŽ�ƐŚŽƵůĚ�ďĞ�ƵƐĞĚ�ǁŚĞŶ�ƐŝǌĞ�ŝƐ�Ă�ĐŽŶĐĞƌŶ͘��dŚŽƵŐŚ�ƚŚĞ�
ŚŝŐŚ�ƌĞƐŽůƵƟŽŶ�ďŝƚŵĂƉ�ůŽŐŽ�ĐĂŶ�ďĞ�ƐĐĂůĞĚ�ƋƵŝƚĞ�ůĂƌŐĞ͕�ŝƚ�ĐĂŶŶŽƚ�ďĞ�ƐŝǌĞĚ�ŝŶĮͲ
ŶŝƚĞůǇ͘���ƚ�Ă�ĐĞƌƚĂŝŶ�ƐŝǌĞ͕�ǇŽƵ�ǁŝůů�ƐƚĂƌƚ�ƚŽ�ƐĞĞ�ƉŝǆĞůĂƟŽŶ͘��dŚĞ�ůĂƌŐĞƌ�ŝƚ�ŝƐ�ƐĐĂůĞĚ͕�
ƚŚĞ�ŵŽƌĞ�ĞǀŝĚĞŶƚ�ƚŚĞ�ƉŝǆĞůƐ�ǁŝůů�ďĞĐŽŵĞ͘��dŚĞ�ǀĞĐƚŽƌ�ǀĞƌƐŝŽŶ�ŽĨ�ƚŚĞ�ůŽŐŽ͕�ŝĨ�
ŶĞĐĞƐƐĂƌǇ͕ �ĐŽƵůĚ�ďĞ�ƐĐĂůĞĚ�ƚŽ�ƚŚĞ�ƐŝǌĞ�ŽĨ�Ă�ďƵŝůĚŝŶŐ�Žƌ�ĂŶǇ�ŽƚŚĞƌ�ůĂƌŐĞ�ƚǇƉĞ�
ŽĨ�ƉƌŝŶƚ͘��dŚĞ�ƐůŝŐŚƚ�ǀŝƐƵĂů�ĚŝīĞƌĞŶĐĞ�ŝŶ�ƚŚĞ�ůŽŐŽ�ŝƐ�ŝƚƐ�ůĂĐŬ�ŽĨ�Ă�ďĞǀĞůĞĚ�ůŽŽŬ�
ŽŶ�ƚŚĞ�ŐŽůĚ�ƉŽƌƟŽŶ�ŽĨ�ƚŚĞ�ůŽŐŽ�ĂŶĚ�ŽŶ�ƚŚĞ�ůĞƩĞƌƐ�E^&͘ ��dŚĞ�ŽǀĞƌĂůů�ĚĞƐŝŐŶ�
ŚŽǁĞǀĞƌ�ƌĞŵĂŝŶƐ�ĐŽŶƐŝƐƚĞŶƚ͘��

dŚĞ�ϰͲĐŽůŽƌ�ǀĞĐƚŽƌ�ůŽŐŽ�ǁŝƚŚŽƵƚ�ƐŚĂĚŝŶŐ�ŝƐ�ĂůŵŽƐƚ�ŝĚĞŶƟĐĂů�ƚŽ�ƚŚĞ�ϰͲĐŽůŽƌ�
ǀĞĐƚŽƌ�ůŽŐŽ͘��dŚĞ�ŽŶůǇ�ĚŝīĞƌĞŶĐĞ�ŚĞƌĞ�ŝƐ�ƚŚĞ�ƐŚĂĚŝŶŐ�ŝƐ�ŶŽƚ�ƉƌĞƐĞŶƚ�ĂŶĚ�ĞĂĐŚ�
ĐŽŵƉŽŶĞŶƚ�ŽĨ�ƚŚĞ�ůŽŐŽ�ŝƐ�Ă�ƐŽůŝĚ�ĐŽůŽƌ͘ ��dŚŝƐ�ůŽŐŽ�ŝƐ�ĨŽƌ�ůŝŵŝƚĞĚ�ƵƐĞ͕�ŐĞŶĞƌĂůůǇ�
ŽŶůǇ�ŝŶ�ƚŚĞ�ĐĂƐĞ�ǁŚĞƌĞ�ǁĞ�ĂƌĞ�ŚĂǀŝŶŐ�ƉĂƚĐŚĞƐ�ŵĂĚĞ͕�Žƌ�ŽƚŚĞƌ�ƵƐĞƐ�ŽĨ�ĞŵďƌŽŝͲ
ĚĞƌǇ�ǁŚĞƌĞ�ƐŚĂĚŝŶŐ�ŝƐ�ŶŽƚ�ƉŽƐƐŝďůĞ͘

dŚĞ�ŐƌĂǇƐĐĂůĞ�ǀĞĐƚŽƌ�ůŽŐŽ�ŝƐ�ĂŶŽƚŚĞƌ�ůŝŵŝƚĞĚ�ƵƐĞ�ůŽŐŽ͘��/ƚ�ƐŚŽƵůĚ�ŽŶůǇ�ďĞ�ƵƐĞĚ�
ǁŚĞŶ�ŝƚ�ŝƐ�ŬŶŽǁŶ�ƚŚĂƚ�ŝƚ�ǁŝůů�ďĞ�ƉƌŝŶƚĞĚ�ƵƐŝŶŐ�Ă�ďůĂĐŬ�ĂŶĚ�ǁŚŝƚĞ�ůĂƐĞƌ�ƉƌŝŶƚĞƌ͘

Approved Variations

ϰͲĐŽůŽƌ�ŚŝŐŚ�ƌĞƐŽůƵƟŽŶ�ďŝƚŵĂƉ�ůŽŐŽ

ϰͲĐŽůŽƌ�ǀĞĐƚŽƌ�ůŽŐŽ

'ƌĂǇƐĐĂůĞ�ǀĞĐƚŽƌ�ůŽŐŽ

ϰͲĐŽůŽƌ�ǀĞĐƚŽƌ�ůŽŐŽ�ǁŝƚŚŽƵƚ�ƐŚĂĚŝŶŐ

dŚĞ�ϭͲŝŶŬ�ǀĞĐƚŽƌ�ůŽŐŽ�ŝƐ�ŐĞŶĞƌĂůůǇ�ůŝŵŝƚĞĚ�ĨŽƌ�ƵƐĞ�ŽŶůǇ�ǁŚĞŶ�ƚŚĞ�ƚĂƐŬ�ŶĞĐĞƐƐŝͲ
ƚĂƚĞƐ�ƚŚĂƚ�ŽŶůǇ�ŽŶĞ�ŝŶŬ�ďĞ�ƵƐĞĚ͕�ƐƵĐŚ�ĂƐ�ŚŽƚ�ƐƚĂŵƉŝŶŐ�ŽŶ�ŐŝǀĞĂǁĂǇ�ŝƚĞŵƐ͘��dŚŝƐ�
ůŽŐŽ�ŝƐ�ĂůƐŽ�ĂƉƉƌŽǀĞĚ�ĨŽƌ�ƵƐĞ�ŽŶ�ĚŽĐƵŵĞŶƚƐ�ǁŚĞŶ�ƵƐĞ�ŽĨ�ƚŚĞ�ĨƵůů�ĐŽůŽƌ�ůŽŐŽ�
ƚĂŬĞƐ�ĂǁĂǇ�ĨƌŽŵ�ƚŚĞ�ĂƌƟƐƟĐ�ĂƉƉĞĂů�Žƌ�ǁŚĞŶ�ƚŚĞ�ůŽŐŽ�ŶĞĞĚƐ�ƚŽ�ďĞ�ƚŽŽ�ƐŵĂůů�ƚŽ�
ƐĞĞ�ƚŚĞ�ůĞƩĞƌƐ�ĐůĞĂƌůǇ�ŽŶ�ƚŚĞ�ĐŽůŽƌ�ůŽŐŽ͘��/Ŷ�ƚŚĞƐĞ�ĐĂƐĞƐ͕�ŝƚ�ŵĂǇ�ŽŶůǇ�ďĞ�ƵƐĞĚ�ŝŶ�
ďůĂĐŬ�Žƌ�ǁŚŝƚĞ͘��dŚĞƌĞ�ĂƌĞ�ŶŽ�ĞǆĐĞƉƟŽŶƐ�ƚŽ�ĐŽůŽƌ�ĐŚŽŝĐĞ�ǁŝƚŚ�ƚŚŝƐ�ůŽŐŽ͘

ϭͲŝŶŬ�ǀĞĐƚŽƌ�ůŽŐŽ


