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Test of SM with running of weak mixing angle

Weak mixing angle: very central role in the EW sector

Tree level: fixed by boson masses and SU(2)/U(1) couplings

!

sin2!W = 1 - MW2/MZ2 = g’2/(g2 + g’2)

Upon renormalization: weak mixing angle is scale-dependent

!
!
The running is a unique prediction of the SM;

A theory with a different content will predict a different running;

WMA - a good way to test the SM and New Physics

sin2!W -> sin2!eff(Q)



Q [GeV]
1000010001001010.10.010.0010.0001

0.245

0.24

0.235

0.23

0.225

sin2 ✓̂W (Q)

P2@MESA

Moller
/

Qweak

SOLID

eDIS

NuTeV
QW (p)

QW (e)

QW (APV )

EIC

LHeC

HERA

LHC

hs

Test of SM with running of weak mixing angle
SM running: confirmed qualitatively (not yet quantitatively)

Existing and planned measurements • Atomic PV (Cs) 
• Neutrino scattering 
• LEP and SLC (Z-pole) 
• Møller scattering 
• Qweak (under analysis) 
• ATLAS (under analysis) 
• MOLLER (planned) 
• MESA P2 (planned) 
• MESA C12 (proposed) 
• DIS SOLID (planned) 
• APV with Yb, Dy (planned) 
• Future colliders
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A theory with a different content will predict different running



Weak Charge of the Proton from PVES
Q2Elastic e-p scattering 

with polarized e�beam

low Q2, ✏! 1
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WMA determination with MESA/P2

P2: The Weak Charge of the Proton

The Accelerator: MESA layout

KEY:
PS:  Photosource (polarized or unpolarized beam)
IN:    5MeV, 45kW  beam loading  injector

(normal conducting) 
SC:  3 Superconducting cavities in single Cryostat.      

Energy gain 33 MeV per pass.
RC:  Beam recirculation (3 times)
HW: Third recirculation option ‘half wave’: 

Energy Recovery Linac (ERL-) Mode
FW: Third recirculation option: ‘full wave’ :

External Beam (EB-) mode 
PIT:  Pseudo Internal target (ERL mode) 
PV:   Parity violation experiment (EB-mode)
DU:  5 MeV beam dump in ERL-mode
EX:   Experimental areas 1 and 2 

DU

IN SC PIT

HW

FW

RC

MESA-LAYOUT

22
m

to PV-experiment

PS

EX-2

EX-1

Existing walls: 2-3m thick shielding

EXPERIMENTAL BEAM PARAMETERS:
1.3 GHz c.w.
EB-mode: 150 PA, 137 MeV  polarized beam 
(liquid Hydrogen  target L~1039)  
ERL-mode: 10mA, 104 MeV unpolarized beam 
(Pseudo-Internal Hydrogen Gas target, L~1035) 

Ebeam = 137MeV
Scattering angle: 20

�±10

�

Q2

= 0.0022 GeV2

Polarization: (85±0.5) %
‹ DAtot = 1.8 %

(fall-back option: MAMI A,
but:
downtime for refurbishment,
much longer run-time)

Principal Investigators: K. Aulenbacher, F. Maas, H. Spiesberger, K. Kumar

• E = 155 MeV, 150µA 
• Scattering angle 20o±10o 
• Q2 = 0.0045 GeV2 
• Polarization (85±0.5)% 
• Pol. flip few 1000/sec 
• 60cm Liquid H target 
• Asymmetry A = -29 ppb 
• δA/A = 1.5%

10th International Workshop on e+e- collisions from Phi to Psi (PHIPSI15)

beyond the SM which can change the running of
sin2 θW via contributions of new gauge bosons, additional
fermions, mixing terms [11] or the exchange of very heavy
particles which can be parametrized as four-fermion con-
tact interactions [2]. In the last case, P2 will be sensitive
to scales up to 49 TeV, comparable to the experiments
at the large hadron collider after collecting 300 fb−1 of
integrated luminosity.

2 Requirements

The P2 experiment aims to determine sin2 θW with a
precision of 0.13% by performing a measurement of the
parity violating asymmetry APV in electron-proton scat-
tering. This asymmetry between the cross-sections for
left- and righthanded electrons σL and σR is determined
by the weak charge of the proton QW :

APV =
σL−σR

σL+σR

=
GFQ

2

4
√
2πα

(QW +F (Q2)), (1)

where GF is the Fermi constant, α the fine structure con-
stant and Q2 the squared four-moment transfer, setting
the scale. Contributions stemming from the fact that
the proton is not a point-like particle are collected in
F (Q2) and are small for low values of Q2, thus motivat-
ing an experiment at low momentum transfer. Further
hadronic uncertainties come from box graphs such as the
one shown in Fig. 2. These uncertainties have a weak
dependence on the momentum transfer, do however in-
crease steeply with rising center-of-mass energy [13, 14],
favouring a low beam energy.

The weak mixing angle is related to QW via

QW =1−4sin2 θW , (2)

which implies by propagation of uncertainty that a 0.13%
measurement of sin2 θW requires a 1.5% measurement of
QW , which also corresponds to the target uncertainty in
the asymmetry. Due to the small weak charge of the pro-
ton and the small Q2, the expected asymmetry is only
33 ppb, thus requiring a measurement with 0.44 ppb
precision. The statistical uncertainty scales with the
number of scattered electrons as 1

√
N
, which in turn re-

quires the observation of O(1018) electrons. For socio-
logical reasons, the total measurement time is limited
to 10’000 hours, which requires observing O(1011) signal
electrons per second.

These very high rates can be achieved by directing a
150 µA electron beam onto a 60 cm long liquid hydrogen
target, producing a luminosity of 2.4 ·1039 s−1cm−2.

The aim of determining sin2 θW with a precision of
0.13% is thus extremely challenging for the accelerator
and detector systems. The following sections outline
how the MESA accelerator, the polarisation measure-
ment and the P2 experiment intend to tackle these chal-
lenges.

Fig. 2. γ−Z box graph for electron-proton scat-
tering. The hadronic uncertainty stems from the
possible excited states of the proton indicated by
the shaded blob.

3 The MESA accelerator

In order to accommodate the very long running time
and demanding stability requirements of the P2 experi-
ment, a new accelerator, the Mainz Energy-Recovery Su-
perconducting Accelerator (MESA, [15]) is being built.

With a maximum extracted beam energy of 155 MeV,
MESA is small enough to fit into the existing halls that
have become available with the completion of the A4
parity violating electron scattering program at the Mainz
Microtron MAMI. P2 and the MAGIX spectrometer (see
the contribution of A. Denig to this conference for details
on the MESA program beyond the P2 experiment) will
be housed in a new hall as part of the recently funded
centre for fundamental physics. Fig. 3 shows the overall
layout of accelerator and experiments.

P2 requires a highly polarized (> 85%), high intensity
(150 µA) beam of 155 MeV electrons with excellent avail-
abiliy (> 4000 h/year). The beam helicity will be flipped
several thousand times a second. The main challenge is
to reduce any helicity correlated changes in beam inten-
sity, energy, position and angle to less than 0.1 ppb. Here
we can profit from the extensive experience in beam sta-
bilization gained at the Mainz Microtron MAMI. Table 1
compares the values for helicity correlated beam fluctua-
tions achieved at MAMI with the requirements for P2 at
MESA. Whilst the energy stability already fulfills the de-
mands, improvements of one to two orders of magnitude
have to be achieved for position, angle and intensity;
new digital feedback electronics for beam stabilization
are currently being designed and tested at MAMI.

Table 1. Helicity correlated beam fluctuations.

Beam Achieved Contribution Required

Quantity at MAMI to δ(APV ) for MESA

Energy 0.04 eV < 0.1 ppb fulfilled

Position 3 nm 5 ppb 0.13 nm

Angle 0.5 nrad 3 ppb 0.06 nrad

Intensity 14 ppb 4 ppb 0.36 ppb

The MESA lattice design is finalized, the supercon-
ducting RF cavities have been ordered and civil construc-
tion on the new hall will start 2016. We plan to start
installing the accelerator in 2018 and have beam avail-
able for P2 before 2020.

PHIPSI15-2

Requirements to the beam:

1-2 o.o.m. improvement w.r.t. MAMI

Timeline:  Accelerator commissioning: 2018

    Data taking: 2020



Impact of MESA (H and C12) on SM tests

P2: The Weak Charge of the Proton

Model independent weak couplings

S

S

S

S

S

So

A more general approach
for extensions of the Standard Model:

model independent coupling constants,
effective low-energy 4-fermion interaction

C
1 f : Ae⌦Vf , C

2 f : Ve⌦Af

SM prediction (black star):
C

1 f =�I f +2Qf sin

2 qW

(C
1u�C

1d =�1+2sin

2 qW ,
C

1u +C
1d =

2

3

sin

2 qW )
QW(p) =�2(2C

1u +C
1d)

Mainz P2: DQW(p) =±0.0097 (2.1 %)

Principal Investigators: K. Aulenbacher, F. Maas, H. Spiesberger, K. Kumar

MESA C12: ΔQW(C12) = 18Δ(C1u+C1d) = ±0.0086 (0.3%)



B(Q²) - take from somewhere else (PVES, lattice, …)

EPJ Web of Conferences

where A

T

is the remnant transverse asymmetry explicitly measured with transversely polarized beam,
and the regression correction A

reg accounts for false asymmetries measured with natural and driven
beam motion for x, y, x0, y0, and beam energy. The charge asymmetry was driven to zero with a
feedback loop. Backgrounds were accounted for with explicit measurements of each of four back-
ground asymmetries A

i

and their dilutions f
i

. The backgrounds arose from the aluminum target cell
windows, the beamline, soft neutral background, and inelastic events. The largest background was
from the target cell windows, where the measured dilution was 3.2% and the measured asymmetry for
this background was 1.76 ppm. The final asymmetry was obtained from

A
ep

= R

tot

A

msr

/P �
4P

i=1
f

i

A

i

1 �P f

i

. (6)

Here R

tot

= 0.98 accounts for the combined e↵ects of radiative corrections, the non-uniform light and
Q2 distribution across the detectors, and corrections for the uncertainty in the determination of Q2. P
represents the measured beam polarization of 0.890 ± 0.018. The total dilution f

tot

=
P

f

i

= 3.6%.
The final corrected asymmetry from the commissioning data reported here [16], comprising only about
4% of the data obtained in the experiment, is A

ep

= �279 ± 35 (statistics) ± 31 (systematics) ppb.

5 Results

The result from the commissioning data reported here was combined with other PVES results [17–28]
on hydrogen, deuterium, and helium in a global fit following the prescription in [4]. All PVES data
up to 0.63 GeV2 were used. Five free parameters were varied in the fit: the weak charges C1u

and C1d

,
the strange charge radius ⇢

s

and magnetic moment µ
s

, and the isovector axial form factor G

Z (T=1)
A

.
The isoscalar G

Z (T=0)
A

was constrained by theory [29]. All the data were corrected for the energy
dependence of the �-Z box diagram calculated in Ref. [9]. The small Q

2 dependence of the �-Z box
diagram above Q

2=0.025 (GeV)2 was included using the prescription provided in Ref. [8] with EM
form factors from Ref. [30]. To illustrate the fit, the ✓ dependence of the data was removed using Eq. 2,
and the asymmetries were divided by A0 (defined in Eq. 3). The resulting plot conforms to Eq. 4 and
illustrates the quality of the global fit. The intercept of the fit at Q

2 = 0 is Q

p

W

(PVES)=0.064 ± 0.012.
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Figure 3. Global fit result (solid line)
presented in the forward angle limit
derived from this measurement as well as
other PVES experiments up to Q

2 = 0.63
(GeV)2, including proton, helium and
deuterium data. The additional
uncertainty arising from the rotation is
indicated by outer error bars on each
point, visible only for the more backward
angle data. The yellow shaded region
indicates the uncertainty in the fit. Q

p

W

is
the intercept of the fit. The SM
prediction [3] is also shown (arrow).

Young, Carlini, Thomas, Roche, PRL 2007; 
Androic et al. [Qweak Coll.], PRL 2013

Rationale: go to the lowest Q2 - asymmetry directly 

measures the weak charge

How is this picture modified by the radiative corrections?

APV (✏, Q2) = � GF Q2

4
p

2⇡↵

h
Qp

W + B(Q2)Q2
i

Theory uncertainties



� GF

2
p

2
[Qp

W + �Qp
W (µ) + ⇤�Z(E) + O(Q2)]

RGE

"Z-box: hadron structure- and energy dependent

In presence of 1-loop RC’s the Z-exchange amplitude is  
not modified essentially as function of Q2 (at low Q2); 
"Z-box shifts the apparent value of the weak charge.

1-loop radiative corrections to Z-exchange

Marciano & Sirlin; Erler, Kurylov, Ramsey-Musolf; MG & Horowitz



a long history in the literature: 
Mo, Tsai; Maximon, Tjon; Feshbach, McKinley; Blunden, Melnitchouk, 
Tjon; Kobushkin, Borysiuk;Tomalak, Vanderhaeghen; …

1-loop radiative corrections to "-exchange

2γ-exchange: inclusive off-shell hadronic states, arbitrary kinematics

Elastic box: IR divergent, UV finite,  
calculable with known form factors

Two current correlator: can’t calculate from first principles in QCD

Wµ⌫
el ⇠ hN 0|J⌫ |NihN |Jµ|Ni ,

T2� =
Z

d4q

(2⇡)4
`µ⌫Wµ⌫

q2q02[(k � q)2 �m2
e]

∫ W

µ⌫ =
Z

dx e

iqxhN 0|T [J⌫(x)Jµ(0)]|Ni ,

Elastic box correction δRCel is subtracted at the observables level
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(!)f(!, E)

Wµ⌫ ⇠ 2M! �tot
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(!) gµ⌫ + . . .

Sum rule for the coeff. C2γ

Inelastic 2"-exchange
Cannot calculate in arbitrary kinematics!

In forward kinematics:  
optical theorem + dispersion relation
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where the LAB energy E = s�M
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, the t = 0 limit of
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was introduced.
It is straightforward to show that the TPE e↵ects de-

pends on the same combination of the amplitudes as the
elastic amplitude averaged over nucleon spins,
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where upon keeping leading terms in t only a short hand
was introduced,

�(⌫, t) = �F̃1(⌫, t) +
⌫

M
F̃3(⌫, t) (20)

IV. NEAR-FORWARD ELASTIC
ep-SCATTERING AMPLITUDE FROM A

DISPERSION RELATION

FIG. 1: Imaginary part of the 2�-exchange diagram

The imaginary part of the TPE diagram in Fig. 1 is
given by the integral

2ImT2�

= e4

Z
d3~k1

(2⇡)32E1

`
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· ImWµ⌫

(q2
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where the leptonic tensor is given by
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(k/1 + m
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k/1�µ

u(k), (22)

and the on-shell condition for the intermediate electron
leads to E1 = (~k2

1 + m2
e

)1/2 ⇡ |~k1|. The hadronic ten-
sor can be split into elastic and inelastic contributions,
Wµ⌫ = Wµ⌫

el

+ Wµ⌫

inel

. This separation is possible be-
cause the former has a pole, ImW

el

⇠ �((p + q1)2�M2),
whereas the latter has a unitarity cut starting at the pion
production threshold (p + q1)2 = (M + m

⇡

)2.

A. Elastic contribution

The imaginary part of the elastic part is due to the
on-shell nucleon in the intermediate state,

ImWµ⌫

el

= 2⇡�((P + K � k1)2 �M2) (23)
⇥ ū(p0)�⇤⌫(q2)(P/ + K/� k/1 + M)�µ(q1)u(p),

with the on-shell nucleon electromagnetic vertex �µ(q) =
F1(q2)�µ + F2(q2)i�µ↵

q↵

2M

. It contains the infrared (IR)
divergent part that is logarithmic in the fictitious pho-
ton mass, ⇠ ln�2, the coe�cient in front of it is model-
independent, and has been calculated in Refs. [5, 6] using
the soft photon approximation in the loop. The former
reference used the approximation q1 ⇡ 0, q2 ⇡ � and
vice versa both in the numerator and the denominator of
the integral, the result simply factorizing the one-photon
exchange (Born) amplitude as

Im�(soft, a) =
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with c.m. energy of both the external and the intermedi-
ate electron Ecm ⇡ s�M

2

2
p

s

, neglecting the electron mass.
On the other hand, the latter Ref. applied the soft pho-
ton approximation in the numerator only leading to
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The limit of small electron mass was taken in the above
results. The real part can be obtained from a dispersion
relation at fixed t,

Re�(⌫, t) =
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d⌫0

⌫02 � ⌫2
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with ⌫el

0 = t/(4M)  0 the threshold for the s-channel
unitarity cut. The evaluation of the dispersion integral
with the imaginary part of, e.g., Eq. (25) yields for the
real part
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We observe here that while the imaginary part of
�(soft, b) behaves as ln(�t/�2), its real part is suppressed
by an extra power of t. This is a consequence of the prin-
cipal value integral vanishing identically at t = 0,

P
Z 1

t/(4M)
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The result of Eq. (27) was used in the analysis of the
low-t data from Mainz [1] (without the low-t approxima-
tion), and we use the IR part of the TPE amplitude in
this form to define the IR finite part of the elastic box as

�el

hard

⌘ �el � �(soft, b), (29)
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by an extra power of t. This is a consequence of the prin-
cipal value integral vanishing identically at t = 0,

P
Z 1

t/(4M)

2⌫d⌫0

⌫02 � ⌫2
= ln

✓
4M⌫ + t

4M⌫ � t

◆
= O(t). (28)

The result of Eq. (27) was used in the analysis of the
low-t data from Mainz [1] (without the low-t approxima-
tion), and we use the IR part of the TPE amplitude in
this form to define the IR finite part of the elastic box as

�el

hard

⌘ �el � �(soft, b), (29)

Brown 1970; Gorchtein 2007, 2014
e2

Q2


1� {R2

p, µp}Q2 + �elastic
RC +

↵

⇡
Q2C2�(E) ln

4E2

Q2
+ O(Q2)

�
,

Collinear log enhancement

generates a long-range potential (shorter than Coulomb); 
essentially modifies the low-Q2 asymptotics!
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This experimental sensitivity is compared in Fig 2 to the
numerical evaluation of Eq. (43) in the kinematics of
the A1 Mainz experiment [1] The energy dependence
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FIG. 2: Results for the dispersive TPE e↵ect on the reduced
cross section ��R(E, t)/|t| for the proton, as function of |t|
in GeV2 for three LAB beam energies: 180 MeV (solid black
curve), 315 MeV (long-dashed red curve), and 450 MeV (dot-
dashed blue curve). For comparison, the experimental sensi-
tivity is shown as a thin dotted horizontal line.

(di↵erence between the solid, dashed and dash-dotted
lines) reflects the energy dependence of the photo ab-
sorption cross section around the �(1232) region. For
the deuteron the projected precision of 0.25% [14] to-
gether with the most recent global extraction of the
deuteron radius from scattering and spectroscopy data
Rd

E

= 2.1424(21) fm [15] leads to

��RE , exp.

R

/|t| = 39.278(196) GeV�2, (47)

and a similar comparison in the kinematics of A1 Mainz
experiment is displayed in Fig. 3. The result for higher
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FIG. 3: Results for the dispersive TPE e↵ect on the reduced
cross section ��R(E, t)/|t| for the deuteron. Notation as in
Fig. 2
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FIG. 4: Results for the dispersive TPE e↵ect on the reduced
cross section ��R(E, t)/|t| for the proton, as function of |t|
in GeV2 for two values of the LAB beam energies: 1.1 GeV
(solid black curve) and 2.2 GeV (long-dashed red curve) corre-
sponding to the kinematics of the proposed JLab experiment
[16]. For comparison, the experimental sensitivity is shown
as a thin dotted horizontal line.

higher energies is shown in Fig. 4 As already mentioned,
the TPE results in the leading log approximation are
model-independent modulo a const.⇥t o↵set that trans-
lates into a constant in Figs. 2, 3, 4 therefore what really
matters is not the absolute value of the TPE correction
but rather the di↵erence between the lowest and high-
est values of t (i.e., non-linearity). This non-linearity is
close to the experimental precision for the proton and
the deuteron at moderate energies, as in the A1 Mainz
kinematics, but is seen to be roughly a triple of the ex-
perimental sensitivity for GeV-ish energy and |t| between
10�4 and 5⇥10�2 GeV2 as in the proposed measurement
at JLab. This suggests that the leading log TPE cor-
rection has to be included in the experimental analyses
that aim at extracting the charge radius from electron
scattering with the accuracy below 1%. It is seen that
the inclusion of the TPE correction leads to a stronger
t-dependence at low momentum transfer. Upon subtract-
ing the positive-definite |t| ln(4E2/|t|) correction from the
experimental data, the extracted value of the charge ra-
dius will necessarily go down. For Mainz kinematics, this
e↵ect will not a↵ect the extracted value of the charge ra-
dius beyond a per cent level at the most. For higher
energies realized in the proposed JLab experiment, the
TPE e↵ect is as important as three per cent.

The TPE e↵ect for the deuteron is somewhat larger
than for the proton in comparison with the respective
experimental sensitivity. This can be understood re-
calling that the total photo absorption cross section for
the deuteron is roughly twice that for the proton in the
hadronic range. On the other hand, the quantity r2

E

�rE
rE

is
only about 1.5 times larger for the deuteron, thus a larger
relative e↵ect for the latter target. Nuclear e↵ects were
neglected for this estimate. Moreover, the deuteron quasi
elastic break-up was not included: the derivation is based
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that aim at extracting the charge radius from electron
scattering with the accuracy below 1%. It is seen that
the inclusion of the TPE correction leads to a stronger
t-dependence at low momentum transfer. Upon subtract-
ing the positive-definite |t| ln(4E2/|t|) correction from the
experimental data, the extracted value of the charge ra-
dius will necessarily go down. For Mainz kinematics, this
e↵ect will not a↵ect the extracted value of the charge ra-
dius beyond a per cent level at the most. For higher
energies realized in the proposed JLab experiment, the
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�R � 1
Q2

= �
R2

p

3
(1± 2

�Rp

Rp
) = �6.61(12) GeV�2

Numerical impact for charge radius extraction

A1@MAMI: Rp = 0.879(8) fm

�R � 1
Q2

= �
R2

p

3
(1± 2

�Rp

Rp
) = �6.61(9) GeV�2

PRad@JLab: higher E, lower Q2, Rp below 1%

Log Q2 dependence affects the extraction of the radius; 
But the log term is exactly calculable!

�R � ��el
RC = 1�Q2R2

p/3 + (↵/⇡)Q2C2�(E) ln(4E2/Q2) + . . .



2γ-box ~ 1-3% of the charge radius; does it matter for the QpW?

Qp
W ! Qp

W + Qp
W

↵

⇡
Q2C2�(E) ln

4E2

Q2 part of the B(Q2) term!

What if the 2γ-box contributed to the PV amplitude?

PV PV

� GF

2
p

2
[Qp

W + . . . ] +
e2

Q2

↵

⇡
Q2CPV

2� ln
4E2

Q2

Qp
W ! Qp

W +
4
p

2↵2

GF
CPV

2� (E) ln
4E2

Q2

Dangerous for the   
weak charge definition!

“Long-range parity-nonconserving interactions”, Flambaum 1992 
“PV-odd van der Waals forces”, Khriplovich, Zhizhimov, 1982

2"-exchange correction to the weak charge



Two questions to ask:

!
1. are these collinear log calculations reliable?

2. is this catastrophic scenario for the weak charge 

realized?
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How well do we understand these collinear logarithms?

Beam normal spin asymmetry:  
collinear logs are measurable and dominate
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imaginary part of the T matrix. Since the electromagnetic form
factors and the one-photon exchange amplitude are purely
real, Bn obtains its finite contribution to leading order in the
electromagnetic constant αem from an interference between
the Born amplitude and the imaginary part of the two-photon
exchange amplitude. In terms of the amplitudes of Eqs. (3) and
(4), the beam normal spin asymmetry is given by

Bn = − m

M

√
2ε(1 − ε)

√
1 + τ

(
τG2

M + εG2
E

)−1

·
[
τGM Im F̃3 + GE Im F̃4 + F1

ν

M
Im F̃5

]
. (8)

For completeness, we also give here the expression of target
normal spin asymmetry3 Tn in terms of invariant amplitudes:

Tn =
√

2ε(1 + ε)
√
τ
(
τG2

M + εG2
E

)−1

·
[
(1 + τ )

(
F1 Im F̃2 − F2 Im F̃1

)

+
(

2ε
1 + ε

GE − GM

)
ν

M
Im F̃3

]
. (9)

III. TWO-PHOTON EXCHANGE

The imaginary part of the two-photon exchange (TPE)
graph in Fig. 1 is given by

ImM2γ = e2
∫ |k⃗1|2d|k⃗1|d&k1

2E1(2π )3
ū′γν(k/1 + m)γµu

· 1
Q2

1Q
2
2

Wµν
(
w2,Q2

1,Q
2
2

)
, (10)

where Wµν(w2,Q2
1,Q

2
2) is the imaginary part of the doubly

virtual Compton scattering tensor. Q2
1 and Q2

2 denote the
virtualities of the exchanged photons in the TPE diagram, and
w is the invariant mass of the intermediate hadronic system.
We next study the kinematics of the exchanged photons.
Neglecting the small electron mass and using the c.m. frame
of the electron and proton, one has

Q2
1,2 = 2|k⃗||k⃗1|(1 − cos(1,2), (11)

with |k⃗| = (s − M2)/2
√

s ≡ k the three-momentum of the
incoming (and outgoing) eletron,

|k⃗1| =

√(
s − w2 + m2

2
√

s

)2

− m2

that of the intermediate electron, and cos(2 = cos( cos(1 +
sin( sin(1 cosφ. The kinematically allowed values of the
virtualities of the exchanged photons (the restriction is because
the intermediate electron is on-shell) are represented by the
internal area of the ellipses shown in Fig. 2.

The ellipses are drawn inside a square whose side is defined
through the external kinematics (k) and the invariant mass of
the intermediate hadronic state (w2 or k1), while the form is

3Also, An notation for target normal spin asymmetry exists in the
literature.

FIG. 1. Two-photon exchange diagram.

determined solely by the scattering angle. Choosing higher
values of the mass of the hadronic system w2 < s leads to
scaling the size of the ellipse by a factor of (s − w2)/s −
M2. In the limit w2 = (

√
s − m)2, the ellipses shrink to a

point at the origin, and both photons are nearly real. This
is not a soft photon (IR) singularity, however, since the real
photons’ energy remains large enough to provide the transition
from the nucleon with mass M to the intermediate state X
with mass w. Instead, the intermediate electron is soft, k

µ
1 ≈

(m, 0⃗), therefore this kind of kinematics does not lead to an IR
divergency, which can occur only if the intermediate hadronic
state is the nucleon itself. In the following we are going to
study this kinematic situation in more detail.
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FIG. 2. Kinematically allowed values of the photon vitualities
Q2

1,2. Left, MAMI electron beam energy E = 0.855 GeV; right,
TJNAF (JLab) energy E = 6 GeV. Upper left, different kinematics
for the MAMI electron beam energy E = 0.855 GeV, for the
elastic (nucleon) intermediate state, and three different values
of the momentum transfer: t = −0.2 GeV2 (solid ellipse), t =
−0.5 GeV2 (dotted ellipse), and t = −0.9 GeV2 (dashed ellipse).
Lower left, same external kinematics but with the intermediate
hadronic state mass W = 1.232 GeV. Upper right, different kine-
matics for the JLab electron beam energy E = 6 GeV, for the
elastic (nucleon) intermediate state, and three different values of
the momentum transfer: t = −1 GeV2 (solid ellipse), t = −5 GeV2

(dotted ellipse), and t = −10 GeV2 (dashed ellipse). Lower right, the
same external kinematics as in the upper right panel, but with the
intermediate hadronic state mass W = 2.5 GeV.
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Bn features a large collinear log - ln(Q2/me²)
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!
Excellent description for light 
nuclei and very forward angles

!
Fails for lead - 

two photons is not enough

Collinear logs are under control at forward angles for light nuclei
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To summarize: 

!

forward collinear logs are a well-established feature;

measured and confirmed for Bn 


(where two-photon exchange dominates over h.o. effects);

modify the low-Q2 asymptotics of observables;


!

Need to be assessed more accurately for PVES!

Calculate the coefficient C2�PV(E) in the forward regime



Proton spin-independent case
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imaginary part of the T matrix. Since the electromagnetic form
factors and the one-photon exchange amplitude are purely
real, Bn obtains its finite contribution to leading order in the
electromagnetic constant αem from an interference between
the Born amplitude and the imaginary part of the two-photon
exchange amplitude. In terms of the amplitudes of Eqs. (3) and
(4), the beam normal spin asymmetry is given by

Bn = − m
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√
1 + τ

(
τG2

M + εG2
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)−1

·
[
τGM Im F̃3 + GE Im F̃4 + F1
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Im F̃5
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. (8)

For completeness, we also give here the expression of target
normal spin asymmetry3 Tn in terms of invariant amplitudes:
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)−1
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graph in Fig. 1 is given by
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where Wµν(w2,Q2
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2) is the imaginary part of the doubly

virtual Compton scattering tensor. Q2
1 and Q2

2 denote the
virtualities of the exchanged photons in the TPE diagram, and
w is the invariant mass of the intermediate hadronic system.
We next study the kinematics of the exchanged photons.
Neglecting the small electron mass and using the c.m. frame
of the electron and proton, one has

Q2
1,2 = 2|k⃗||k⃗1|(1 − cos(1,2), (11)

with |k⃗| = (s − M2)/2
√

s ≡ k the three-momentum of the
incoming (and outgoing) eletron,

|k⃗1| =
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s − w2 + m2

2
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− m2

that of the intermediate electron, and cos(2 = cos( cos(1 +
sin( sin(1 cosφ. The kinematically allowed values of the
virtualities of the exchanged photons (the restriction is because
the intermediate electron is on-shell) are represented by the
internal area of the ellipses shown in Fig. 2.

The ellipses are drawn inside a square whose side is defined
through the external kinematics (k) and the invariant mass of
the intermediate hadronic state (w2 or k1), while the form is

3Also, An notation for target normal spin asymmetry exists in the
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FIG. 1. Two-photon exchange diagram.

determined solely by the scattering angle. Choosing higher
values of the mass of the hadronic system w2 < s leads to
scaling the size of the ellipse by a factor of (s − w2)/s −
M2. In the limit w2 = (

√
s − m)2, the ellipses shrink to a

point at the origin, and both photons are nearly real. This
is not a soft photon (IR) singularity, however, since the real
photons’ energy remains large enough to provide the transition
from the nucleon with mass M to the intermediate state X
with mass w. Instead, the intermediate electron is soft, k

µ
1 ≈

(m, 0⃗), therefore this kind of kinematics does not lead to an IR
divergency, which can occur only if the intermediate hadronic
state is the nucleon itself. In the following we are going to
study this kinematic situation in more detail.
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1,2. Left, MAMI electron beam energy E = 0.855 GeV; right,
TJNAF (JLab) energy E = 6 GeV. Upper left, different kinematics
for the MAMI electron beam energy E = 0.855 GeV, for the
elastic (nucleon) intermediate state, and three different values
of the momentum transfer: t = −0.2 GeV2 (solid ellipse), t =
−0.5 GeV2 (dotted ellipse), and t = −0.9 GeV2 (dashed ellipse).
Lower left, same external kinematics but with the intermediate
hadronic state mass W = 1.232 GeV. Upper right, different kine-
matics for the JLab electron beam energy E = 6 GeV, for the
elastic (nucleon) intermediate state, and three different values of
the momentum transfer: t = −1 GeV2 (solid ellipse), t = −5 GeV2

(dotted ellipse), and t = −10 GeV2 (dashed ellipse). Lower right, the
same external kinematics as in the upper right panel, but with the
intermediate hadronic state mass W = 2.5 GeV.
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Real part from a dispersion integral
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���� +
!2

4E2
ln

����1�
E2

!2

����

�
ln

4E2

Q2

+ terms constant in Q2

CPV
2� (E) =

1
M

1Z

E⇡

d!

!2
F ��

3 (!)


!

2E
ln

����
E + !

E � !

���� +
!2

4E2
ln

����1�
E2

!2

����

�
,

Identify the sought for coefficient:

CPV
2� (0) =

7
3M

1Z

E⇡

d!

!2
F ��

3 (!)Does not vanish for E=0???

Compare to the PC case: C2�(0) = 0

Qp, 1�loop

W

= � lim
E,Q

2!0

4⇡↵
p

2
G

F

Q2

APV

exp

(E,Q2)

Formal definition of the QW to remove   �Z(E) - not viable??



General properties of the PV Compton amplitude

1Z

E⇡

d!

!2
F ��

3 (!) = 0

Low-energy expansion + high energy behavior -> 
superconvergence relation (SCR)

 Lukaszuk, arXiv: nucl-th/0207038;

 Kurek, Lukaszuk, arXiv: hep-ph/0402297 

Check of the SCR in ChPT?

Cohen et al, arXiv: nucl-th/0009031
Heavy Baryon ChPT calculation of PV Compton amplitude

PV pion-nucleon coupling LPV
⇡N =

h1
⇡p
2
N̄ [~⌧ ⇥ ~⇡]3N

Result used by Kurek to check SCR: failed!

De Vries et al, arXiv:1501.01832h1
⇡ = (1.1± 1.0) 10�6



SCR important for the definition of QWp - recheck in ChPT!

Similar to the GDH sum rule proof to order O(gπNN2)
Holstein, Vanderhaeghen, Pascalutsa, arXiv: hep-ph/0507-16

2
p ⇠

1Z

E⇡

d!
�3/2

�p (!)� �1/2
�p (!)

!

Inelastic scattering of polarized photon on 
polarized proton w. helicities parallel (antiparallel)Anomalous m.m.

1-loop level

Scales as gπNN4

11

FIG. 4: Tree-level Feynman diagrams in BChPT needed for calculating the integrand of Eq. (34). The
small circles indicate the photon coupling to the nucleon charge, the solid square denote couplings to the
anomalous magnetic moment, and solid circles describe the PV ⇡NN coupling. The plot was made with
JaxoDraw [34].

All further terms are of higher order in the chiral expansion. Finally, the nucleon electromagnetic
interaction contains terms determined by the charge and the anomalous magnetic moment,

L
�N

= ieN̄


1 + ⌧3

2
�µA

µ

+ (S + ⌧3
V

)
i�µ⌫F

µ⌫

4M

�
N , (37)

with S,V = 1
2(p ± n) the isoscalar and isovector combinations of the proton and neutron

anomalous magnetic moments, Aµ the electromagnetic field and Fµ⌫ the electromagnetic field-
strength tensor.

Details of the calculation of the pion production contribution to PV structure function F ��

3

are given in the appendix. We display here the final result,

F ��

3 (⌫, t = 0) = �g
⇡NN

h1
⇡

q
⇡

2
p

2⇡2
p

s

⇢
µp


E0
p

s
� E

⇡

q
+

m2
⇡

2qq
⇡

ln
E

⇡

+ q
⇡

E
⇡

� q
⇡

�
(38)

�µn


�E

q
+

m2
⇡

2qq
⇡

ln
E

⇡

+ q
⇡

E
⇡

� q
⇡

+
M2

2qq
⇡

ln
E0 + q

⇡

E0 � q
⇡

�

� qE0

2M2
V S + (µn)2

s�M2

4M2


�E0

q
+

M2

2qq
⇡

ln
E0 + q

⇡

E0 � q
⇡

��
,

with s = M2 + 2M⌫ and with the c.m. quantities defined as

E =
s + M2

2
p

s
, E0 =

s + M2 �m2
⇡

2
p

s
, q =

s�M2

2
p

s
, E

⇡

=
s�M2 + m2

⇡

2
p

s
. (39)

We are now in a position to check, whether the superconvergence relation rewritten in terms of
the dimensionless variable x = E

⇡

/⌫ 2 (0, 1]
Z 1

0
dxF ��

3 (E
⇡

/x, t = 0) = 0 (40)

holds. The result of Eq. (39) contains three terms: the proton charge (as part of the full
magnetic moment of the proton), and linear and quadratic terms in the anomalous magnetic
moments. Numerical integration leads to exactly zero for the first two terms. This cancellation
is illustrated in Fig. 5 for the term linear in µ

p

and in Fig. 6 for the term linear in µ
n

: the total

2

Scales as gπNN2

1Z

E⇡

d!
�3/2

�p (!)� �1/2
�p (!)

!

������
tree level

= 0Holds in relativistic ChPT,

but not in heavy-baryon ChPT!



Prove SCR for PV Compton to order O(gπNN h1π)

F ��
3 ⇠

LPC
⇡N =

gA

2f⇡
N̄⌧a 6@⇡a�5N = �g⇡NN N̄⌧a�5N⇡a

LPV
⇡N =

h1
⇡p
2
N̄ [~⌧ ⇥ ~⇡]3N = �ih1

⇡(n̄⇡+p� p̄⇡�n)

Electromagnetic vertex



F ��
3 (!) = �g⇡NNh1

⇡q⇡

2
p

2⇡2
p

s

⇢
µp


E0
p

s
� E⇡

q
+

m2
⇡

2qq⇡
ln

E⇡ + q⇡

E⇡ � q⇡

�

�µn


�E

q
+

m2
⇡

2qq⇡
ln

E⇡ + q⇡

E⇡ � q⇡
+

M2

2qq⇡
ln

E0 + q⇡

E0 � q⇡

�

� qE0

2M2
V S + (µn)2

s�M2

4M2


�E0

q
+

M2

2qq⇡
ln

E0 + q⇡

E0 � q⇡

��
,

11

precision of the tree-level calculation of the sum rule integral.

We may include a calculation of the PV polarizability and compare to the literature. It will
require more work, though.
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FIG. 3: The contribution of the term ⇠ µp to the integrand of Eq. (38)
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FIG. 4: The contribution of the term ⇠ µn to the integrand of Eq. (38)

B. Model for F ��
3 with pions, �, and a high-energy background

For numerical estimates of the e↵ect of ⇤PV
�� on the weak charge extraction from PVES

experiments, we can use the the result of Eq. (37) where we only keep the terms linear in
magnetic moments. This model is self-consistent in terms of the superconvergence relation, and

SCR - check numerically

up to terms linear in a.m.m.

Terms O(#2) - too many derivatives, SCR diverges;

not surprising: at tree level O(g5πNN h1π) incomplete

1Z

0

dxF

��
3 (E⇡/x) = 0

Change variables x = E⇡/! ⌃� + ⌃+ = 0



Superconvergence relation for F3��:

checked for the first time in relativistic field theory;

!

must be used as a basis for any reasonable estimate 

of the PV2� correction to the weak charge

The definition of the weak charge is still viable

Qp, 1�loop

W

= � lim
E,Q

2!0

4⇡↵
p

2
G

F

Q2

APV

exp

(E,Q2)

SCR ensures that the log term vanishes at E=0

CPV
2� (0) =

3
4M

Z 1

!⇡

d!

!2
F ��

3 (!)



F ��
3 �(!)|��!0 =

r
2
3

4MgM (0)d+
�

⇤�(M + M�)
!2

��(! � !�)

L�N�
PV = i

e

⇤�

⇥
d+
��̄+

↵ �� p + d���̄�↵ �� n
⇤
F↵�PV �N� coupling d�

� contribution alone does not obey SCR

Androic et al [G0], arXiv:1112.1720

Zhu et al, arXiv:0106216Early claim: may be 10-100 x h¹π
|d��| = (0.31 ± 0.91) 10�6Not quite supported by exp.

De Vries et al, arXiv:1501.01832h1
⇡ = (1.1± 1.0) 10�6

PV πNN coupling

Numerical estimates: Input parameters

Qweak has taken data that may further constrain d�

Origin: effective PV 4-quark operators

h1
⇡ = 3.8 · 10�7 DDH, 1979



Supplement by a high energy Regge-like background

F ��
3 HE(!) = C�(⇤) (!/⇤)� ⇥(! � ⇤)

With � ≈ 1 GeV and � < 1 (SCR integral converges)

1Z

!⇡

d!

!2
[F ��

3 �(!) + F ��
3 HE(!)] = 0

Fix HE contribution by imposing SCR

C�(⇤) = �
r

2
3

4MgMd+
�⇤

⇤�(M + M�)
(1� �)

Normalization depends on �

 Explore -1/2 < � < 1/2



Results for the kinematics of relevant experiments

�Qp
W (E,Q2) = �4

p
2↵2

GF
CPV

2� (E) ln
4E2

Q2Object of interest

Qp
W = 0.0713(8)

Q
W

(113Cs) = �72.58(29)
exp

(32)
th

The SM expectation:

�QW (113Cs) ⇠ 113Qp
W

Assume simple A-scaling for nuclear weak charge:
15

Observable Contribution MESA/P2 Q-Weak MOLLER 113Cs

⇡ �(2.0 ± 2.0) · 10�5 �(5.5 ± 5.5) · 10�5 �(2.8 ± 2.8) · 10�5

�Qp
W � +HE (� = 0.5) �(0.67 ± 2.0) · 10�4 �(1.3 ± 3.8) · 10�4 �(1.1 ± 3.3) · 10�4

� +HE (� = 0) �(0.4 ± 1.2) · 10�4 �(1.1 ± 3.3) · 10�4 �(0.5 ± 1.4) · 10�4

� +HE (� = �0.5) �(0.32 ± 0.93) · 10�4 �(1.1 ± 3.3) · 10�4 �(0.2 ± 0.6) · 10�4

⇡ �(3.3 ± 3.3) · 10�3

�QW (113Cs) � +HE (� = 0.5) �(8 ± 24) · 10�3

� +HE (� = 0) �(5 ± 15) · 10�3

� +HE (� = �0.5) �(4 ± 12) · 10�3

VIII. APPENDIX: F ��
3 AT ONE-LOOP LEVEL IN B�PT

In this appendix we provide details of the calculation of the PV structure function F ��

3

at one-loop level in B�PT. This is done by relating the forward amplitude T3 to the forward
Compton helicity amplitudes T

�

�

h,�

�

h

as

T3 =
1

2⇡e2

1
2

X

h

[T1h,1h

� T�1h,�1h

] , (52)

with h = ±1/2 the nucleon helicity in the initial and final state, and �
�

= ±1 the photon
helicity. Only amplitude conserving both nucleon and photon helicities survive in the forward
limit. The conventional factor 1/(2⇡e2) reflects the normalization of the structure function F ��

3

as defined in Eqs. (7,8) and the relation Eq. (28). From unitarity we obtain the imaginary part
of the forward Compton helicity amplitudes as

ImT
�h,�h

=
q
⇡

16⇡
p

s

Z 1

�1
d cos ✓

X

h

0

���T �N!⇡N

h

0
,�h

���
2

, (53)

where the unitarity relation was evaluated in the center of mass frame, in which the pion
three-momentum is q

⇡

=
p

[s� (M + m
⇡

)2][s� (M �m
⇡

)2]/4s. Thus, to obtain the forward
Compton amplitude at one-loop level we need to calculate the pion photoproduction helicity
amplitudes at tree level, square them and integrate over the pion angles.

For the photon moving along the positive z-direction, photon polarization vectors are

✏µ

�

= � �p
2

0

BBB@

0
1
i�

0

1

CCCA
, (54)

and the nucleon helicity-dependent spinors are

N
h

=
p

E + M

"
�

h

2h q

E+M

�
h

#
, N 0

h

0 =
p

E0 + M

"
�0

h

0

2h0 q

⇡

E

0+M

�0
h

0

#
, (55)

where the Pauli spinors for ~p = (0, 0,�q) and ~p 0 = (�q
⇡

sin ✓, 0,�q
⇡

cos ✓) are given by

� 1
2

=

 
0
1

!
, �� 1

2
=

 
�1
0

!
, �01

2
=

 
� sin ✓

2

cos ✓

2

!
, �0� 1

2
=

 
� cos ✓

2

� sin ✓

2

!
. (56)

�Qp
W  0.3% �Qp

W  0.53%



Anapole moment LPV = ie a0@µFµ⌫N̄�⌫�5N

Axial charge seen by charged leptons is not gA!

Update the axial box: include uncertainty due to anapole

Attn: elastic contribution not enhanced by collinear log:

no anapole moment for real photons
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�(Qp
W )el. =

↵ge
V Gep

A (0)
ME

1Z

0

dQ2GM (Q2)Ga(Q2)

 
ln
����
E + EQ

E � EQ

����+
Q2

2ME
ln

�����1�
E2

E2
Q

�����

!
,

Update the axial box: simply use GAep instead of gA

Some caveats here!

Blunden et al. included running of

sin2�W -> gVe = 0.045;

they used gA = -1.27;

!
We use: 

full one loop result -> gVe = 0.07, 

and include RC in GAep = -1.04(43)

More natural from DR side

!
Central value almost identical;

Now can estimate an uncertainty!



Correction to QW in the kinematics of relevant exps.:

�(Qp
W )el.(E = 155MeV) = (5± 2)10�4

Marginally relevant for MESA/P2 (0.3%)

Irrelevant for Qweak and MOLLER: < 0.1%

�(Q
133Cs
W )el.(E = 0) ⇡ 133 �(Qp

W )el.(E = 0) = (9.3± 4.0)10�2

Assuming simple scaling with atomic number A: 

also a minor effect for cesium

Also not a problem: the uncertainty of GA 

has to be reduced anyways to interpret the P2!



Summary

!
•2"-exchange induces a long-rang interaction that modifies the 
extraction of charge radius and weak charge from electron scattering

!

• Formal definition of QW(p) protected by a superconvergence relation;

•The superconvergence relation proved in relativistic ChPT;

•0.5% uncertainties due to d� - Q-Weak data may further reduce it!

•High energy part needed to obey SCR - unknown; Very mild sensitivity 
for Q-Weak, may matter for MOLLER e-p if � > 1/2

!

•Sensitivity to anapole moment: non-negligible for MESA, but the 
uncertainty of GA will be reduced w. MESA by a factor of 4

!

• Further hadronic PV couplings may be also included

•Atomic PV: hadronic 2"-box purely short-range, small; nuclear 
resonances may change this behavior - more work needed
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