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Predictors for Simple 1-Factor Completely Randomized Design with Permutation
Treatments
Bo Xu

Introduction

We sketch the development of predictors of treatment parameters in a simple 1 way
completely randomized design using a random permutation model prediction framework. The
context we consider is for a finite population with labeled units indexed by s=1,...,N. We
assume that treatments are indexed bya =1,..., A. The experiment consists of randomly
assigning a simple random sample of n subjects to each of the A treatments (where NA< N )
We permute the treatments prior to assigning a treatment to a subject. The goal is to predict the
mean of a realized treatment.

The Population

We use the potentially observable population concept of Rubin (2005) in formulating the
problem. We assume that each unit could be potentially observed under each of the treatments,
and represent the response for unit s given treatment a by the non-stochastic value y,,. The

N
mean for treatment a is defined by x, = %Z Y., - The mean for subject s is defined by
s=1

1& . . 1 &
Uy = —z Y., - The overall mean over all the potential observable values is u = —ZZ Yaa -
AT NASS 'S
Parameterization

We define additional parameters in terms of these basic values. First, define g, =y, — u
as the effect of unit s, o, = u, — 1 as the effect of treatment a, &, as the interaction between
unit s and effect of treatment a. As a result,

Yo =M+ S+, +é, (1.
We represent the N x1 potentially observable responses for treatment a by y, where

Ya :(yla Yoa -+ Yna )' ,and the N x A matrix of potentially observable responses as

y=(y. ¥, - ¥a). The vector of treatment parameters is given by p = [%I’N yj where 1,

is N x1vector with all elements equal to one. We can express y in terms of x,

B=(B B - ﬂN)’,tz(al a, - aA), and 82((85a))1
y=11u+B 1, +1,t'+¢ (2)
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. . . N -1
We define the co-variance matrix of the response for treatments as TZ , Where

1, 1
2=((0u)),. =Y P and O-aa*:m;(ysa_ﬂa)(ysa"_ﬂa*) forall a=1,..., A and

a*=1..,A. Wedefine P, =1, —%JK where I, is KxK identity matrix andJ, =1,1, .

A

2.0

Further, we define &2 = %tr():) = % . Similarly, we define the variance of the response for

. A-1 1 & . . .
unit s as ——~o,, where o, =——Y (y,, — ), and the covariance for unit s and unit s* as

A-1 a=1
A-1 1 & . .
—— 0., Where o, = T (Ve = 44 ) (Ysra — 45 ) » and summarizing the covariances as
T 4a=l
A-1 1 ,
TZA where ZA = ((Jss*)) :myPAy .
Sampling

An experiment will result in observing the response for subjects assigned to each
treatment. Suppose that a simple random sample of nA subjects is selected without replacement
and placed into A consecutive treatment groups of n subjects, indexing the treatment groups
by j=1,..., A and the selected subjects by i =1,..., N in each treatment group. We will refer to

the subject in position i as PSUi. Permute the treatments and index the treatments in the
permutation by j=1,..., A corresponding to treatment groups. One way to represent the

sampling is to think of all possible permutations of the units and all possible permutations of
treatments. We represent the experiment by a set of random variables that represent the
potentially observed units.

Permutation of the population

Let i=1,...,N index the position of a subject in a permutation of subjects, s=1,...N be
the label of a subject. The permutation of units can be defined in terms ofU ;. Explicitly, the
random variable U, takes on a value of one if the subject s is assigned to position i ina
permutation, or zero otherwise. The matrix of indicator random variables for units is given by
Uy = ((Uis )) Similarly, let j =1,..., A index the position of a treatment in a permutation of
treatments,a=1,..., A labels the treatments. The permutation of the treatments can be defined in
terms of indicator random variable V,, , where V,, takes on a value of one if the treatment a is

ja’

assigned to position j in a permutation, or zero otherwise. The matrix of indicator random

variables for treatments is V,_, = ((Vja)).
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We use U and V to represent a joint permutation of units and treatments. Explicitly, let

U=(U, U, — U,)=((U)) and V=(V, V, - V,)=((V,)). Then

Y, =UlyV, => > UV,V, . Using the property of the permutation matrix, for any permutation

s=1 a=1
matrix, we get

Var, [ vec(U) | = N—(PN ®P,)

Var(Ui)zﬁPN

1

COV(UiUi*):_m

P, when i=i*
1 .

E(UiUi,,)zﬁlN when i=i* (3)

1

N (N -1)

We define the joint random permutation model for the populationas Y = ((Yij )) =UyV’

E(UU,.)= (Jy —1I,) when i=i*.(4)

where Y;, indicates the response of PSU i in the treatment group.
Using (1),
Y =U1,1,Vu+UBL, V' +Ul TV +E, (5)
where E = UgV'. Note that U1, =1,,1,V'=1), . Asaresult,

Y =11, u+ UL, +1, 7'V + UsV'. (6)
We also define B=UP andT = Vz. Then
Y=1,1,p+Bl,+1, T'+E (7)

We refer to this as the random one factor permutation model.
Expectation and Variance:

We determine the expected value and the variance of the random one factor permutation
model next. We use E, (Y)=E, (EUN (Y)) to determine the expected value. Note that

Euy (Y)=Eyy (UyV')=| Eyy (U) [yV’ where E, (U)zﬁJNsince E, (Uis):%for all

i=1..,Nand s=1..N . Further, E,, (Y)zﬁJNyEV (V'). Since E, (V')=%JA we find that
Euv (Y) :ﬁJNyJA. Using the definition of «, E, (Y)=u1,1,.
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We use a column expansion of Y to develop an expression for the variance.
Var,, | vec(Y)]=Var, (EUN [vec(Y)])+ E, (VarUN [vec(Y)])
We first simplify an expression forVar, (EUN [vec(Y)]).
Recall that E,,,, [ vec(Y)]=vec| E,, (Y)] and using equation (7),
Eyy (Y)=Eyy (1,1, +B1, +1, T'+E). Note that 1,1}, # and 1, T'=1,t'V' are constants
givenV . To evaluate E,, (B1/,), we substitute B = UB. Then
E,y (B1,)=E,, (UBL})
=E,y, (U)BI,

1 ,
:WJNﬁlA

1
=—1,1,B1,
N N NB A

N
Since 1) B=)_ B, =0, then E,, (BI1})=0
s=1

Since E=UsV', E, (E)=| E,, (U)](gV") which simplifies to E,,, (E)= %INI’N eV'. Let

e=((g,)) where ¢, =(5, ¢, £ya ) - Hence,

a

, N 1 N
1Nga =zgsa ’ﬂs =HTHL | ::u"_aaand Ha :Wzysa ) hence

s=1 s=1

N N
1,N g€, = nga ZZ(ysa _,U_ﬂs _aa)

s=1 s=1
N N N

:Zysa_ ﬂs_Z(:u—'—aa)
s=1 s=1 s=1

= N/ua -0- N:ua

=0

As aresult, 1,e=0 and E,, (E)=0. Hence, E;, (Y)=1,1}, 2+1,T'. Next, we evaluate
Var, (EUN [vec(Y)}) =Var, [ vec(1,1), +1,T') |
=Var, [ vec(1,T)]

Substituting T= V1,
vec(1, T') =vec(1,7'V’)

- I:IA ®(1, r’)]vec(V’)

As aresult, var, (E,, [vec(Y)])=[1,®(1,t") Jvar, [vec(V')][T, ®(1, r’)]l :
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We evaluate var, [ vec(V') | similar to expression for the Var, [ vec(U) | :ﬁ(PN ®P,),

such that Var, [ vec(V') | = AL (P,®P,). Asaresult,

Var, (E,, [ vec(Y ])z—[l )P, @P,)[1,0(1,7)]

= PA ®1N (ﬁT’PAle'N

l r !
= (m’t ATJ(PA ®1N1N )

We define o5 = ﬁr’PAr , and obtain

Var, (EUN [ vec( Y)]) =o’P, ®J, (8)
Next, we evaluate E, (VarUN [vec(Y ]) First, using (6),
Var,, [vec(Y)]=Var,, [ vec(1,1, x4+ UBL, +1,7'V'+UeV’) |
=Var,, [vec(U[Bl’A +gV ])}
since other terms do not depend on U . Using the vec expansion,

vec(U[B1,, +&V'])= ([[31'A +ev'] ®1, )vec(U) ,

and using Var, | vec(U) | =ﬁ(PN ®P,),

Vary,, [vec(Y)]= [([31' +eV') ®I }Var [vec(U ][(Bl’ +eV') @I ]

1 , ' ' ,
= _1[(1A[3 +Ve)®I, |(P, ®P, )[ (B, +&V')®1, ].
1 o o
N _1[(1AB +Ve')P, (1, +£V') |®P,
We can express 1, =V1,. Asaresult,

Var,, [vec(Y ]_—[ (1,B'+ Ve )Py (B1), +&V') |®P,

= ﬁ[(VIAB' +Ve')P, (B1,V'+eV') |®P, .
1 ! ’ !/ ’
N1 V(1,8 +¢')P, (51A+s)v}®PN

Notice that
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P.y=P,1,1,u+PBl, +P 1,7 +Pe
=P p1, +P.e
=p1, +¢
Also, since P, is idempotent, then y'PNyz(PNy)' P, (P,y). Then, since Z:ﬁy'PNy,

r= ﬁ(lAB#s’)PN (B1,+¢). Asaresult,
Var,, [vec(Y)]=(VEV')®P,.
The last step is to take the expectation of Var,, [ vec(Y)]=(VEZV')®P, with respectto V.
E, (Vary, [vec(Y)])=[E, (VEV')]|®P,
In order to get E, (VEV'), recall that V=(V, V, - V,) :((Vj))lwhere

Vj=(le Vi, V,-A)’,then

V/IV, | VIV, |- 1 V/EV,
VSv Lvisy | vy
vevio| e EV Vo2V, o Vo 2V,
SIS S N NI
V,EV, I VIV, |- 1 V2V,

To determine the expectation, we evaluate the expectation of each item of the matrix E (Vj'ZVj*).
First, since V,’£V,. isascalar, VIV, =tr(Vj'):Vj*) =tr(V,;V,.Z). Then,

E(Vj'zvj*) =tr[ E(V,V}.)£]. Using equations (3) and (4), we simplify

When j=j*
: 1
E, (V/ 2V, )=tr KIAZ)

_tr(%)

A

_ 1 {tr(}:)—tr(z)}

A-1 A

When j= j*.
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E, (Vj'ZVj*) —tr {ﬁ(h —IA)X}
__1 1z [ (z)}
Al A Al A

1'E1
— (3,1
A(A—l)( L)

As a result,

E, (VZV')= L_lpA [tr(2)] (9)

Note that 1'Z1 =ﬁ1'y’PNy1 and y1=((Aw,))=((Au+AB,)) ., s=1..N. Define

ol :N—_B P,B. Asaresult,

1'51= ﬁ((Aﬂ +AB)) By ((Au+AB,))

=N -1 PB
= Aog
Substitute this result, then
, 1'xX1 1
E, (VEV)®P, —(m(JA—IA)+EPA[tr(Z):|]®PN( |
10
Ao’ AG*
= A_Sl(JA—IA)®PN+A;t1PA®PN
Sum over (8) and (10):
Var,, [ vec(Y)]=E, (Varw [vec(Y)})+Var (EUN [vec(Y)])
:A‘isl(JA—IA)®PN o~ 1P ®P, +02P, ®J,,

Simplifying the Model Assuming no Interaction:

27-7

In order to simplify the problem, we first assume &, =0 (No interaction between effect

of units and effect of treatments. This implies the treatment effect will not change with respect to
different unit and the unit effect will not change with respect to different treatments). With this

assumption we simplify the model (1) asy,, = y+,8 +a,

A It, *=— o M)
S aresu O-aa N Z ysa :ua)(ysa /ua N 1 ~

asX=o2J, and &° =o?. Substitute 5> = to equation(11), then
Var, [vec(Y)|=0lJ, ®P, +0iP, ®J
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Re-arranging Terms into the Sample and Remainder

We re-arrange and collapse the random variables into a set corresponding to the weighted
sample totals, Y, , and a set corresponding to the weighted remaining totals for each treatment,

*

* Y K * *

Y, such that ( Lj:( ' jY where Y™ =vec(Y).
1 1

We assume equal sample size for each treatment. Let

1 A ' i o
Kl —W%(é‘uln 5j21n ce 5jA1n :1><(N0—nA))’
where 6. is an indicator variable with value one when j = j* and zero otherwise. K, can be
written as
A
K, =—@(6'j 1! 0 )
j=1 | Ix(N-nA)
where 8, =(5, &, - 51.A)' is a vector of length Ax1 with a value of one in row j and
zero otherwise. Note that Y =vec(Y)=(Y, Y, -- Y,;)' where
Y, =(Y,; Yy Youn; Yy ) s that
Yl
L 1A Y
_ ’ o 2
K,Y —W_J_(-:Dl(ﬁj(@ln IoNnA)} 5
YA
’ r ry |
((1“ 0, 0”) : lx(N()—nA))Yl
' ro, ry |
=i ((On 1n On) : k(NOnA)jYZ
! ! .o ! I
((On 0n ln) : 1x(N0nA))YA
_ n
Define f =%, and the sample mean for treatment j" as Yi 1 Yii s
Nizj{n)n
Yy
Y . _ v . -
K,Y =f| 2| Letusdefine Y, =(Y, .. V, Y, ) thenK Y™ = fY,.
Y
Similarly, let
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O L oo L) lew) O . B O . .
1 0y (L, 0] 1) [ By | | 0y
K,=—|—7——- P it Fr—t———————m g -
N ‘ I : L :
e T T S ST AR
0N I 0N I : I (ln 1n On) : 1N nA
1A ' ' g
or K, = J_G:)((IA—F)J.)@ln | 13 ) |- Then
N
2 Vu
i=n+1
Yl n N
« LA, I Y. 1 zYi2+zYi2 .
K,Y :W[g((lA—aj)@)ln :IN_HA)} ! =% % | Letus define the average
YA N
YiA
i=(A-L)n+1

response for the remaining random variables with treatment j™ as

_ 1 N _
Y, = - (;Yu —an,j

Then

*

Y__lll
K, Y =(1-f) Y%“

Let us define Y, =(Y,,

o K, 1 jl 1x(N-nA) YI* f?l
Summarizing these results, =—| - -land| . [= — |
K N Y, (1_ f)YII

Determining the Expected Value

. : Y,
We use these expressions to form the expected value and variance of [ '*J .

1
: Y ) (K- .
Slnce( Lj:(K'jY and E,, (Y")= uly,,
1
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A
Y| 1 '@1(8,‘@’” :1<N0 AJ
j= | X(N-n
Euv (YLJ_W F N (IUINA)
I j(—I:Dl((lA—Sj)(@ln 1y nA)
A
@(6;@1; 0 )
S TR e G2 (441,
B N A ! ! ! | ! NA
g((lA—aj)@n 1)
A
1| A
:W AT L
J(—?l(N—n)y
A
. Y Fox f
We express thisasE,, | | |=|-—---- = 1, = ®1, |u
Y, (1_ f)@llu 1-f
j=

Determining the Partitioned Variance

Next, we consider expressions for the variance:

var,, (YEJ= K jvarUV (Y*)(K' ]’
Y, K, K,
(v V,’,,]
V,"” Vv,

K, var, (Y)K| K, var, (Y')K|

K, var, (Y*)K] K, var,, (Y")K;I

K -1 )

Now ( 'j:% 7\‘J------____--I----— and var,, (Y ):GSZJA®PN +giPA®JN so that
" ((1,-8))®1; 11, )

V, =K, var, (Y* K| isgiven by

LA A8 ®1,
v, =Wi@3l(isj®1n :ON_HA)[O—SZJA@PN+aiPA®JN]®{ ]

Il
[iN

" i1
] N-nA ! N-nA

S LA LN VR I CEI TN

For the first item:
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1 A Ald. ®1
= ' "l 2 ] n
NE J.®=1(6j L | 0N—nA)|:O-SJA®PN:|j@=l( 0, ., ]
5, ®1 ) ! o,®1 ) ! | 5, ®1
(6i®1:1 :OIN—nA)PN[ X " : (51®1:1 :O;V—nA)PN( ‘ " : ’ : (61®1:1 :O;V—nA)PN( ‘ n]
B 0 _N:”_A___i_ _________________ 0_ N:EA___L__,:,_________________91“:”6__
[ 1A 1A 6 ®1n | ! ’ 1 6 ®1n | | ! ’ 1 6 ®1n
ol | (8, ®1; }ONnA)PN((; j (8,01, | 0, nA)PN[ 5 1 (8,8, :ONHA)PN( (’; j
:W N-nA | N—-nA | [ N-nA
T TS T :— —————————————————————— —:‘.——'If —————————————————————— -
e ________ :_ ______________________ {__L_'r ______________________ _
0, ®1 ! 0, ®1 ! ' 0, ®1
(6'A®1:1 : O'N—nA)PN - " :(6;’\®1:1 : 0;\l—nA)PN ’ " : : (6,/-\®1:1 : 0'N nA)PN A "
ON—nA i ON—nA i i ON—nA
Now
’ ' ’ 616<)1n
(61®1n : ON—nA)PN
0N—nA
’ ’ ! 6 ®1n 1 ’ ! ! ! 6 ®1n
:(61®1n : 0N—nA)( (;N—nA J_ﬁ(61®1n : 0N—nA)1N1N( (;N—nA j
2
:n_n_:n(]__lj
N N
=n(1-f)
Also,
’ ' ' 61(>§1n
(62®1n : ON—nA)PN
ON—nA
0, ®1 1 0, ®1
=(8,®1, 10, [ ! ”J—— &, @1, 10, _ )11, ( ! ]
(2 INA) ON—nA N(z INA)NNONinAl
n
=N| ——
%)
=—nf
As a result,
1 A Al ®1
- ' (AN Y 2 ] n
N2 ?:91(61' ®1, | ON—nA)[O-SJA®PN ?1( 0, ., j
| | |
(=) (=f) 11 (=F)
n L (=f) i@=f)i-1(-f)
=— e B At miielt
N S D R
—————— (A Bl
(=f) 1 (=f) 1 (A=)
f
:WO-SZ(IA—fJA)
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For the second item:

LA, , , A(d ®1,
Lgwen o onon]d(" ")

' ' ' l 61®1n I ' ' ' 1 62<>91n I I [ ' ’ l 6A®1n
(61®1n :ON—nA)(l_KJJN ON—nA Ji (61®1n :ON—nA)(_KJJN( ON—nA j i i (61®1n :ON—nA)[_KJJN ON—nA
—————mm e et ettt Fo—dmm e —
1 0, ®1 ! 1 0, ®1 ! ! 1 0, ®1
’ 1 (BN _ = 1 n | ’ 1 (N 1—-— 2 nroo ! ’ 1 [BNY _ = A n
:O'_E (62® n I0NnA)( AJJN(ONnAJ i(62® n IONnA)( AJJN( ON—nA Ji i (62® n I0NnA)( AJJN( ON—nA J
e P e -
e ____ e e _
’ ' _l 81(>Dln : ’ "ol _l 62®1n :: ’ ' _l 6A(@ln
(5A®1n I0N—nA)( AJJN(ONM i (6A®1n I0N—nA) A I 0, s i i(6A®1n I0N—nA) 1 A I 0, .
Now
0, ®1
(e, :O'N_HA)[l—iJJN[ : ]
A 0anA
1 ! 1 1 ’ 6 ®1n
:(1_Kj(61®1” 1 0) 0 )11, ( SN_M ]
:(l—ian
A
Also,
1. (3,®1
@ on, 10 )5 o 57"
2 N-nA A N OanA
1) 3, ®1 ]
- =6, ®1, L0y, )1 1'( "
( A 2 | N-nA NN ON_nA
=n? 1
A
As a result,

N2 j=

L e%(a'jcm’n :O'NHA)[af\PA@)JN]é[&@l“j

>

N
7\
0
| =
N—
>

N
|
> |-
N—

o) v(-5) k)i ()
INE] A S AT L
N . | [ .
_______ I T S
|
.
|
|
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Adding these two items:

1 A
®
J=

V, =

(8 o1, ! og,,nA)[agJA ®P, +02P, ®JN]@

A

i=1

2%05 (I,— f3,)+ f?oiP,

Similarly, v, , =K, var,, (Y")K],

1

j=1

1

Vi =Wje:§1(6'j ®1, | 0} )02, ®P, +0§PA®JN]®[(1A_SJ)®I"J

1 A ’ ’ ’
=W@(z‘>j®1n Lo

=1

For the first item:
1 A ,

N2 j=t

| |
ot 10, r, [ e e [P e oy, [0
S S YW 0 bewm ) L R =
1,-8,)®1, 1,-8,)®1 )1 1, ., 1,-8,)®1,
O'S2 (6'2®1;1 :OLI—nA)PN (( 8 l) ] (62®1n :ON—nA)PN [( A 1 2) ] : : (62®1n :ON—nA)PN (( A 1 A) J
I N P S N ] N ___N__ N
: [BE |
S S SR e J: '_:L __________________________
1,-98,)®1, 1,-8,)®1, )1 1. 1,-8,)®1,
(6;\®1;1 :0;\l—nA)PN (( A l) ] (6A®1n :ON—nA)PN (( A 1 2) ]: : (6A®1n :ON—nA)PN (( A 1 A) J
N—nA N—-nA : : N—nA
Now
1,-96,)®1
(5,01, | 0} )P, (( +=3) ]
N-nA
1, -0, )®1 1 1,-9,)®1
@t Loy )| T Lger g[8O,
1N—nA N 1N—nA
=0 (n(N-n)
N
=-n(1-f)
While,
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1,-6.)®1
anA)[GSZJA@)PN] Al ( g ]) '

— @8 1, | ON_nA)[JSZJA@)PN]é(
1

N-nA

1

N-nA

13

27-13

5j®1nj

0N—nA

1,-3;)®1
]4—%16%(5;@1; :O/NHA)[O',ZAPA@)JNJ@%[( A ,) n]

1

N-nA
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27-14

1,-6,)®1
(8,01, |0} )P, (( <78 ]
1N—nA
1 ’ [ 1 _6 ®1n 1 1 1 1 ’ 1 _8 ®1n
(3,01, IONnA)(( A . :) j—ﬁ(ﬁl@)ln L0, )11, [( A —9,) J
N-nA N-nA
=n (n(N-n)
=n-n(1-f)
=nf
Hence:
1 A A (1 —6.)®1
= ' "o 2 A ] n
N2 j<-§1(6j®1n |0NnA)[GSJA®PN]jG_Bl( -
-n(1-f); nf ool nf
———————— e
o’ nf l-n(1-f) -] nf
rur s B i etk e
N 2 : ! : e :
nf :r nf :T—:' —n(l—f)
f-1] f ...} f
—— bt ——H————
=S B B S A
N s i
f :r f T:j: f-1
0_2
= fWS[fJA—IA]
For the second item:
%é(ﬁa(@l; O,N—nA)[O_/z\PA®JN]§\31[(1A_6J)®1“J
on o)y (M en o3 M) L e -4 (O
_ o &er, o'NnA)(—ijJN((lA;m)@lnj (e O,NHA)(l_/lJJN[(lA—Iaz)@ln]_” (3,01 OLHA)[_iJJN[(lAlaA)®1n]
B A Sl O :,,,,,,,,,l“:"f ,,,,,
7777777777777777 1"""if—faféin"ll"""""m""1'"7"717[-75;51;"1??""m""""iﬁﬁﬁl;fz{;éif
(6'A®1:1 JON—nA)[_XJJN [( 1 7) ] i (6:A®1;1 lolenA)(_; JN (( 1 7) j i i (6ZA®1,n loanA)(l_Z]JN [( 1 7) )
Now
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(8;®1;, | O'NnA)(1_%jJN [(h;fn)@lnj
N-nA

1 ! ! 4 r 1 _6 ®1n
:(1—Zj(61®1n : ON—nA)lNlN (( A lN_ln)A j
1
=|1-— N —
[ Ajn( )

(3, @1, | O’NnA)[—lj J, ((IA—62)®1HJ

while

A 1N—nA

= _i 31 |0,_ 1.1 (IA—62)®1n
A 1 n | YN-nAJENEN

=(_%jn(N _n)

26 (s o1, :o'N-nA>[azPA@JN]é[@A—sj)@ln]

Hence:

2

Hence, V, , = f%[fJA_]A]+ f(1-f)o2P, .
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V, =K, var,, (Y')K| =K, (c2J, ®P, + 03P, ®J, K|,

:%é((h—aj)'@l; il'NnAj(USZJA(@PN+O'§PA®JN)é[(1A—15J)®1nj
N-nA

1,-90. ®1n 1 A ’ ,
(( A J) ]+WJ®1(<1A_81) ®1,

1

o
zﬁé((lraj) ®1, | l'NnAj(crszJA ®P, ),él
N-nA

For the first item:

' | 1,-6,)®1
=6((-a e l'NnAj(asJAcm)é[( o) ]
N-nA
1

]

N

St S
((IA_aA) ®1n i lN nA)PN [(IA 161)®1nj % ((IA—ﬁA) ®1n ! lN nA)PN [(IA_162)®1|1)
Now
O
1N—nA
b 1,-6,)®1,) 1 P gt
:((IA—ﬁl) ®1n :anA)(( A 1 l) ]_ﬁ((lA_al) ®1n :lenA
N-nA
1
=(N=n)—((N=n)(N-n))
1
=(N-n)|1-—(N-
(N-m)[1- 5 (-]
=f(N-n)
=n-nf
While
(1-s o e (2%
1N—nA

1anA

! 1 I 1 1,-6 ®ln 1 ! ' I ’
:((IA—Sl) ®1n : lN—nA)[( A 2) j_ﬁ((lA_al) ®1n : 1, s

~(N=2n)-<(N=n)(N-n)

=(N-2n)—(1-f)(N-n)
=N-2n—(N-n-fN+ fn)
=—1fn
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' I 1,-6,)®1, ' L, 1,-6,)®1,
Oy ((lAfaz) ®1’n ;I;V—nA)PN (( A 1) ] ((1A762)2®1n ;IN—HA)PN [( A 2) J

|
| 1yNnAj<O-§PA ®JN)

[(

27-16

1,-%,)®1,

(IA _6A)

|

o

o

(lA—é‘)2)®1n

1

(IA—51)®1n

N-nA

N-nA

|

j :
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27-17

1A o , 2 ((1,-8;)®1,
W%((IA_SJ) ®1n ilN nAj(O-sJA ®PN)J6_91{ 1 :
N-nA
n-nf | -nf |-.-! —nf
—— -
o2| —nf jn-nf ...} —nf
=—>| TSt AT
2 Lo
_—_rﬁ‘"i":ﬁf_ T-'.Tﬁ —nf
1—-f ) —f |-} —f
o| f T F 0T
_ ¢ Os| T o T
SN
__'f"i"_'f'T:T.'ﬁ:_f__?
2
(o2
=fWS[IA—fJA]
For the second item:
1 A((1,-3,) @1,

@
N?

@((1 8)®ln 1, nAj(olp ®J, )€ (( ;'

N-nA

ﬂ

((1 s)er i, )Ll—iJJN((lA;:sln)A®lnl ((1 5) L, |1, m)( i\}{(u—ﬁm] ((1A_51)'®1;31,M)( 1JJN((1A—12®1H]
i VD e o 0 6 e, 0 WO
oot 5 oo 805 oo 505
Now
s
:(1—%j((1A—6 yor, 1, nA)lleN [(IA;E”);@I”}
:(1—%j(N —n)’
While
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((1A—61)' o1, | IIN“A)(‘%}’N [(IA—162)®1HJ

N-nA
1 ! [ I ! ’
_K ((IA_Sl) ®1n :anA)lNlN

N-nA

I

Hence:
izé((lA—aj)'@)l; ;1'NnAj(a§PA®JN)é[(1A 6,)®1nJ
N™i= = Ly oa
1 2 1 2 | I 1 2
S A S L i G S
1 ARV 2l (1) 2
A (_KJ(N_n) i(l_x (N-n) i i(_KJ(N_n)
B N2 ______ P t' ______ P JI'.__':_______: ______
AT A T T A A T
:;\jl—’zg(N—n)zPA
:(1—f)26§PA
Adding the two items:
1 A S ) A ((1,-8;)®1,
Vi=17® (1,-8;) ®1, 1 0, (JSJA®PN)J_6:)1 .
N-nA

[aN

+ié((1r51)’®1’n i 0’NnA)(aiPA®JN).@{(IA_S])@%]

2
=1 i=
N ON—nA

2
- f%[IA— fJ,]+(1- f ) o2P,

Y|* VI VI 1
In summary, var,, | ., [=| ., " |, where
Y|| VI,II VII

Vv, :%ag(IA— f3,)+ f’oLP,

2

V,, = f%[fJA—IA]Jr f(1-f)olP,

2
V, = f%[IA— fJ,]+(1- f) o2P,.

Predicting Parameters corresponding to Combinations of Treatment Means

CO06bx05.doc 2/1/2007 18
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Predictors for simple 1-factor completely randomized designs 27-19

We are interested in a linear combination of treatment means given by P = g'Y " . In terms

*

K . L
of the partitioned vector(YL j :( ' jY , the target parameter is given by
1

are equal to zero except

Y, ) .
P. :(e' e )( '*)ze’j,Y, +e),Y, where all elements of e; and e,
Y

j jl jn
1

. - . - H i Y* f?
the element in row j which is equal to one. Deflnee’jI =e’j,, =e'j . Smce[ L]=[(1 f;? J
- Il

then

=e\Y, +e}Y,
=Y, +(1- f)Y,,
in _ N
-1 Y, + ol (ZYU. —nY”j
n i=j(n-1)+1 N-n i=1
jn N
_L Y; +i(ZYU -ny, )
N i=j(n-1)+1 N i=1
1 N
= NZY”

- =
Il
N

Where P, indicates the mean of the j " postion in the permutation of treatments.

We require the predictor to be a linear function of the random variables in the sample, to be
unbiased, and to minimize the expected value of the mean squared error. Collection of the study

data will result in realizing the values of Y, .

Refer to Argetina2006-lecla.doc which gives the general method to find the BLUP.
For our special sample:

: 13
Target: P, =W;Y”

e 11,5,

Y|* f VI VI 1]
WeknowE,, | . |= ®1, |pand | _ ’
Y, 1-f Vin Vi

Now (g g,)=(¢; ), X, =f1, (12)and X, =(1-f)1,(13).
To evaluate the predictor, we find note V,* first.
Since we know:
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V, = %ag (I,— fJ,)+ f?orP,

f 1
:WO-SZ(IA_ f3,)+ fZU/i[IA_KJAj

f f2g? fio?
:(NGS-HCZO&)IA_( AA+ NS J,

2 2 2 _2
fGA+fGS

Define a=(%0§ + fzaf\j and b:( J plugin V, , then

Hence,

L\ (14)

Other terms simplify:
Using (12) and (14),

1
G = (X,’V,‘lx, ) X, VY

(1 b RSNG| b _

A2 YT £z _
:(a—Ab] a_Ap A )
1, =
:XIAYI
=Y,

where Y, is the overall sample mean.

Next we simplify the term vV, V. We know:
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2

V,, = f%[fJA—IA]+ f(1-f)o?P,
:fU—SZ[fJ ~L ]+ f(1-f)oq| 1 -1
N A A A A A A

2 2¢2  f(1— f)o2
:(f(l—f)af\— %JIA{“SN‘C _f A)UA]JA

2 2¢£2 _ 2
Definec=f(1—f)af\_f% andd:Usf _f@-f)o,

A
Hence,V, , =cl,+dJ,
Then
Vo VitV V= (el 4 dd, ) [
1,1 Ll A A a A az—Aab A
C bc d bdA
Sl UL A S L LAY |
a " a’-Aab " a " a’-Aab Aj

(16).

_ EIA+(bC+d(?_Ab)+bdAjJA
a“—Aab
¢ bc +ad
=|—1I —|J
| a AjL(az—Aabj A}

Using (13), (15) and (16),
P = gI’YI*—'—gII’[XII&+VII,IVI_1 (YI*_XI&)]

R = c bc+ad N
:erI +ej|:(1— f)Y|1A+|:gIA+(m)JAj|(Y| — lelA):|

-, = c bc+ad - =
= 1Y, +¢ {(1— f)Y,1A+[gIA+(ijA}( Y, - fY,lA)}

1-f
2
Since c=f(1-f)or—f % anda:(ia§+ fzaf\j,then

2
o
c f(1—f)o-§—fﬁ: N(1-f)or-0; (N-n)o,—o;

2 2 - 2 2
os +Nfo, o5 +no,
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27-22

Define

Kot C
1-fa

Thus, the estimate can be simplified as

— _ _ 2 2
B = 17, +(0 )7 +k (7, -7, wherek = T (N -ox e

Comparing the MSE between RP model and ANOVA??

Express the sample mean of j" treatment (\71,) and overall sample mean (\7,) in terms of
Y =vec(Y).
B, = 1, +(1- )[4k (%, V)

n'ia

—_— 1 A *
Yj,:—e'.@(ﬁ'j@l'n: 0 )Y
| 1x(N-nA)

= A X
Y,=i1;@(a'j®1;: 0 )Y
j= | 1x(N-nA)

An i= Ix(N-nA
Then
= . A ! A .
K (=% )=k (Ee'j@(a']@l; s j_eJA (5(@1'” o DY
n !z | x(N-nA) An i\ ! | x(N-nA)
A
1 (IA_J_AJ @(5;@1; s jy*
i | x(N-nA)
1 . A .
==k e'PA@(ﬁ'j@l; Lo jY
n i= | X(N-nA)
P=f-¢ ® &1 | 0 +(l—f) AP ®1, ] 0 |Y +=keP,® 8 ®1, | 0 |Y
) n !'i=all! ") (N-nA) An i\ ! " 1(N-nA) n j=l ! " (N-nA)

1 A ep Mdlsor o )y
=€) L, +(1- )| Z24KP, ol e | v Y

j=t 1x(N-nA)

Express the population mean for the j" treatment in terms of Y™ = vec(Y).
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A
(5&@1'”: 0 )—i@)((l;—é’)@l 1 jand refer
j | ) N = | (N-a)

K 1 '(%1(6,] ®1;‘ : 1 (NO— A)j N J
to (KI ]:W —A\—J:————————' ——————— - |, then C=F(1— f)(KAJr k*PAjKI -K, . Define
! ! ! I !
[ j@l((lA—a )or1, 11, )
N J « N J « N «
=—(1-f )(TAJFK PAJ:F(l— f)(—(IA—KAj+k PA+IA]:F(1— (1, +(k -1)P,),
then
var(lsj -P ) = var (€/CY")
=ejCvar(Y')Ce,

= ¢/ (GK, —K,,)var(Y*)(GK ~K,) e,
GK,var(Y')K|G'-Kvar (Y')K;G'-GK var(Y") K|, + K, var(Y")K] )ej

e

(o

(GV,G'- V,,(,} -GV, +V, )¢,
(GV,G'-2GV, , +V, )¢,

'
i
'
eJ

For GV,G’
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oo [t [ e
A (%+k*PAj

]J +(:‘ ok + f2olk”

1 1V(J, . f f2
=N2 H—W KA‘f‘k PAJ[WUSIA—WGSZ A
EVETEE  o [ R PR S

n NJ|(NA® N

21 2
n INATS N N

(i_ijz f o
n N NA ° N °

J, + %P

ok + f2oik”

PA}(J—AW k*PAj
k*PA}

JJA +(%o-§k* + fzaik*jk*PADe j

2 2
_N? l—ij LSRN (iaszk*+fzaf\k*Jk*(l—£j
n N NA N N A

f(1-f )Jik*PAJ

N Jo o - .
GV, =— (1= )| “2+k PA][f%[fJ ~1,]+ f(1- f)o? j

N Jo o - : :
= (1= 1) ek PAJ[fz%JA—f%IA+f(1—f)aiPA]
Ny 20y 1%y, —fGSkP

n N NA

E 20-_82_ O-S _ 2

(1 f){f =2\, 4| (1= )0

0'2 *
W)

e'j(GVL”)ej=e'{%(1—f)ﬂf2%§— z—ﬂJA{f(l—f) ~t z}kPB

:%(1_ f)[{fzaﬁz_f;_ﬂ{f (1-

NEIVERi )2 o.P,
2
¢ (V, e, =€, (f %[IA — 13, ]+ (- af\PA]ej
: 1
- f%[l— fl+(2-f) O'f\(l—xj

2
Vv, = f%[IA— £y

Hence,
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var (P, P, ) = ¢} (GV,G'-2GV, , +V, ),

2
= Nz(l_i) LU;
n N NA

N

2
e,
Os

N

2

2
2—(1-f) §29s _§9s
n N NA
ol 1

+f

(1= 1)+ (1~ £y ai(l—xj
An(N —n)O'SZO',i+(N —An)O'g1
AN (no? + o7 )
An(N-n)oi+(N-An)o] o2

AN (no} +o7?) n
(2) MSE for ANOVA model:

n

27-25

]+(%o—§k* i f zo-ik*j K (1-%}}
}{f(l_f)a;_ %ﬂk*@_%n

If we use the sample mean of the j™ treatment (Y ) as a predictor for the population mean of the
jl

j" treatment P;, then MSE (Y, )=var(Y, -P,).
Refer to equation
1, A .o 1A A | .
Yj,—Pj=—e'j@(5'j®1'n: 0 )Y —e'j—(@(a'j@l;: 0 )+@((1’A—5'j)®1'n. 1 nY
n j=1 | x(N-nA) j=1 | x(N-nA) j=1 | x(N-nA)
1 A A A .
—¢, 1@(5;@1;: 0 ]—i@(ag@n;: 0 —i@((lg\—a;)@lgl r )Y
n i=l | Ix(N-nA) N i=t | Ix(N-nA) N i=t | Ix(N-nA)
i A A
—¢ (E—ij@(es;@l;: 0 j—i_@((l;\—a'j)@lgl 1 ﬂY
\n N)i= | k(N-na) ) N j=t | x(N-nA)
H * 1 1 A i o ' 1 A ' ' ro ' :
DefineC’ =| =-=|®| 8/ @1, | 0 |-=@|(1,-8})®1, | 1' | plugin K, and K,
n N j=1 |l><(N7nA) N j=1 |l><( —nA)
then
C*=(1—i]NK, lNK,,
n N
:(ﬁ—le, -K,
n
Y, P =¢,C'Y

CO06bx05.doc 2/1/2007 25
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var (Y, —Py)=¢/C var(Y")Ce;

K JK Kl,}var KF—QK K,,}J

( JZK var ( [’: 71jK” var(Y*)Kj7£%7le,var(Y*)Kj,+K” var(Y*)K'”:lej

_ [[ H )+ f aiPA}—Z[%—lj{f%sz[fJA—IA]Jrf(l—f)aiPA}[stz[I (- Y o%P De
%4}2{;05(1 f)+ fzaf\(lfi)}72(%flj{f%§(f7l)+f(lff)o-f\(lfiﬂ+[f%sz(lff)+(17f)2a§[17%)}
%-1)2%03(14){%-@2f%{l-%j_z(ﬁ ] % (f-1)- 2(——1jf(1 f)aA(l——j+f £ (1- 1)+ (1—f)20§(1—%j
%—1)2%052(1—f)—2(%—1jf N(f -1+ f NS (1-1) [——1j fio 2[1—A) 2(——1] (1-1) O'A(lfij (14)%;(17%]
1 j(l—f)zo§+2(l—f)2%§+%f(l—f) F(1- 1) (l——jo-A )2(1 j - GA(l—%j
——ﬁj(l—f)+2(1—f)i+%f}(1—f)cr§+[(l—f) 21— ) (- )}:{1-%)

122fl}
+ (-

1}
>

|
Z|e

Another way to get the MSE of ANOVA:

In order to calculate MSE (\75) we need to define another model that we do not permute the

treatment. Then the model turns out to be Y = U1, 1), 2+ UB1), + Ul t'+E. Then,
Y=11,u+B1l,+1,7+E

E, (Y)=E, (lNlAy+B1' +1,17'+E)
=11, u+1,7 + J BT,

=1, p+1,7

vec(Y)=vec(1,1} u+UBL), +1, 7'+ Us)
=vec (1,1}, u+1,7' + U[B1, +£])
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var[ vec(Y)]=var [vec(lNl'Aﬂ +1, '+ U[BI, + 8])}
= var| vec(U[B1/, +£]) |

_ [(51;\ +g) ®I, }VarU [vec(U)] [(ﬁll\ +g) ®I, ]

1
N-1
1

:m[(lAB’H:’)PN (BY, +a)]®PN

[(1,B'+€)®1, |(P, ®P,)[(B1, +£)®T, |

Notice that
P,y=P, 1,1, u+PB1,+P 1,7 +Pe
=PB1, +P¢
=p1, +¢

Also, since P, is idempotent, then y'P,y =(PNy)' P, (P,y). Then, sinceX =ﬁ)"PNy,

r=—"—o(1,B'+¢)P, (BI,+¢&). Asaresult,

Vary, [vec(Y)|=Z®P,

In order to simplify the problem, we first assume &, = 0 (No interaction between effect of units

and effect of treatments. This implies the treatment effect will not change with respect to
different unit and the unit effect will not change with respect to different treatments). With this

assumption we simplify the model, £ can be simplified asX = ¢2J, . Substitute £ =c2J, to
equation, then
Var,, [ vec(Y) |=0lJ, ®P,

MSE for ANOVA model:
If we use the sample mean of the s treatment (\Zl ) as a estimator for the population mean of the

s treatmentY,, then MSE (Y, )=var(Y, -Y).

Refer to equation
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A A
Definec*z(i—ijca(ﬁ;@l'nl 0 j—icﬁ[(l;\—a;)@l’nl I ),plug in K, and K, ,
n N /s | (N-nA) N s=1 | Ix(N-nA)
then
C =(1—ij NK, 1 NK,,
n N

Y_sl _Y_s = e'sC*Y*

=e. Kﬁ—le, —K,,}Y*
n
var (Y, -V, ) =e/C"var(Y")C"e,

%—1JK, -K, }var(Y*)Kﬁ—l)K'. -K|, }’s

2
ﬂ—lj K, var(Y')K| —Z(E—le” var(Y')K; +K, var(Y")K] }es

S

n

Il
(4]
-
[ p—
N N
>

* ’ 1 A ’ ro * 1 A | r
K, var(Y')K| == 8/ ®1, | var(Y)=®(8,®1, | 0
N | x(N-nA) N i=t | X(N-nA)

K, var(Y')K; == f —=[fJ, -1,]

K, var(Y')K;, = f%[IA - 13,]

Hence,
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2
var (Y, =Y, ) =e, H%—lJ K, var(Y')K] —2(%—1)&, var (Y')K| + K, var(Y")K|, }es

(N 2 f N ol ol
=eSKF_1] WO-SZ(IA_ fJA)—Z(F— ijS( fJA—IA)+ fWS(IA— I‘JA)}S

L (u—wg}s
:agl(%_ jz%(l— f)—Z(%—ljf%(f EINENE f)}

This is the same as the result for MSE(VJ., )

Comparing MSE (Y, ) and MSE(Y, )

compas () S w(f){( o
A S
5 — An(N—n)0202+(N—An)0'4 Nn
var(Pj—Pj)/var(Yj,—Pj): AnNZn;2+az) s O
A S
Anc’ +( NN_ An)o-sz
= il <1

Anc; + Ac?

Simplification of I5j
f (N-n)or—o;

-f  oi+no;

P =fY, +(1-f )(\7, +k*(\7j, —\7,)) where k™ =1
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Predictors for simple 1-factor completely randomized designs 27-30

il |
os tNho,
N -n)o?i-o?! N-n)oi-ol )=
=fl+( 2) A=Y, 1 f 1+( Z)Az Sy,
og tNno, os tnho,
n No;i n Noi \=
TN -2 2 il N ~2 7 Vi
N o5 +no, N o5 +no,
2 2
nNo va nNo Vi
- 2_|_A 2le+(1_ 2_|_A ZJY'
os +no, os tno,
=Y, + Y, =Y
| 2 2\ tir TN
os +no,

Evaluate the Contrast of Pj — PJ.* :

13 13
Target: P, P, :WZ_;‘Y” _NZ_;‘Y”*

Collapsing: [:{f.l.j - ((1—?_{; Y, J

Y|* f VI VI 1
WeknowE,, | . |= ®1, |pand | _, '
Y, 1-f Vin Vi

Now (g, g,)=(¢,—¢} ¢j-¢}), X, =f1, (17)and X, =(1-)1,(18).
To evaluate the predictor, we find note V,™ first.

Since we know:

V, =%0§(IA— f3,)+ f’orP,

f 1
:WO-SZ(IA_ f3,)+ fzaf\[IA—ZJAj

f f2o2 202
:(Na§+fzaf\jIA—( b, L2y,

2 __2 2_2
Define a:(%asﬁ fzaf\j and b=( f :A +%), plug in V,, then
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V, =al,-hJ,

b
= a[IA —EJAJ

Hence,

A (19)

Other terms simplify:
Using (12) and (14),

1
&:(X,’V;lx,) X, VY

(1 b coo (1 b _
:|:f1A(EIA+mJAjf1A:| (flA)(gIA'FmJAijl

AfZ Y 2
:(a—Abj aAp A (0)
1.,=
:KIAYI
7

where Y, is the overall sample mean.

Next we simplify the termV,, V. We know:

2

V,, = f%[fJA—IA]Jr f(1-f)o?P,
:fa—sz[fJ ~L ]+ f(1-f)o;| 1 -1
N A A A A A A

2 2¢2  f(1— f)o?
=[f(1—f)o-f\— %jlﬁ("st _f )GAJJA

A

2 2¢2 _ 2
Define c:f(l—f)aj—f% and d = 7 _fa Af)UA

Hence,V, , =cl,+dJ,
Then
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Vi Vl_l

Using (13), (15) and (16),
Pj P' —le +g||

!

(-

= VI,,II Vl_l

)V o€, 0 )70

y randomized designs
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A+dJ, A]
a’ —Aab

bdA JA]
a?— Aab

)

(1
I, +———
(a“
L4,

A

bc
a?— Aab a

(bc+d(a Ab) +bdA
a’— Aab
o

|

XII a+ Vi | Vl_l (YI* - X,

_IA JA

(21).

—1I

bc +ad
a’— Aab

¢
_IA
E

A

a

)

c bc + ad

IA+( ijA}(Y,*— f\?,lA)}

S\ a a’—Aa
- o , = c bc+ad = =
= £ (Y, -V )+e {(1— f)YllAJ{gIA+(ijA}( Y, - fY,lA)}
, = c bc +ad I
j*|:(1 f)Y|1A+|:gIA+(m]JAj|(YI - lelA):|
e = |c, bc +ad
=1 (Y, -\(J.,k,)+((1—f)\/l+[g j+[wj }(fY — Y1 )J
= |c, bc+ad ), - =
_[(1— £y, {gej* (mle}( Y, - fY,lA)]
— — C , , — =
= £(Y, —Yj*,)+g(ej—ej*)(fy, fY,lA)
_ c _
=f(Y; —Yj*,)+gf( 0 =Y
= f{1+=2|(V, -V,
a jl i*1
2 2
Since Ez(N zn)aAZGS , hence
a o5 tho,
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