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Predictors for Simple 1-Factor Completely Randomized Design with Permutation 
Treatments  

Bo Xu 
 
Introduction 
 
 We sketch the development of predictors of treatment parameters in a simple 1 way 
completely randomized design using a random permutation model prediction framework.  The 
context we consider is for a finite population with labeled units indexed by 1,...,s N= .  We 
assume that treatments are indexed by 1,...,a A= .  The experiment consists of randomly 
assigning a simple random sample of n  subjects to each of the A  treatments (where nA N≤ ) 
We permute the treatments prior to assigning a treatment to a subject. The goal is to predict the 
mean of a realized treatment.  
 
The Population  
 
 We use the potentially observable population concept of Rubin (2005) in formulating the 
problem.  We assume that each unit could be potentially observed under each of the treatments, 
and represent the response for unit s  given treatment a  by the non-stochastic value say .  The 

mean for treatment a  is defined by 
1

1 N

a sa
s

y
N

μ
=

= ∑ .  The mean for subject s  is defined by 

1

1 A

s sa
a

y
A

μ
=

= ∑ . The overall mean over all the potential observable values is
1 1

1 A N

sa
a s

y
NA

μ
= =

= ∑∑ .  

   
Parameterization  
 

We define additional parameters in terms of these basic values. First, define s sβ μ μ= −  
as the effect of unit s ,  a aα μ μ= −  as the effect of treatment a , saε  as the interaction between 
unit s  and effect of treatment a .  As a result, 

sa s a say μ β α ε= + + +    (1). 
We represent the 1N ×  potentially observable responses for treatment a  by ay  where 

( )1 2a a a Nay y y ′=y L , and the N A×  matrix of potentially observable responses as 

( )1 2 A=y y y yL . The vector of treatment parameters is given by 1
NN

′⎛ ⎞′= ⎜ ⎟
⎝ ⎠

μ 1 y where  N1  

is 1N × vector with all elements equal to one.  We can express y  in terms of μ , 

( )1 2 Nβ β β ′= Lβ , ( )1 2 Aα α α ′= Lτ  and ( )( )saε=ε :  

N A A Nμ′ ′ ′= + + +y 1 1 1 1β τ ε    (2)  
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We define the co-variance matrix of the response for treatments as 1N
N
− Σ , where 

( )( )*
1

1aa NA A N
σ

×
′= =

−
Σ y P y  and ( )( )* * *

1

1
1

N

aa sa a sa a
s

y y
N

σ μ μ
=

= − −
− ∑  for all 1,...,a A=  and 

* 1,...,a A= . We define 1
K K KK
= −P I J where KI  is K K× identity matrix and K K K′=J 1 1 . 

Further, we define ( )2 11

A

aa
atr

A A

σ
σ == =

∑
Σ . Similarly, we define the variance of the response for 

unit s  as 1
ss

A
A

σ−  where ( )2

1

1
1

A

ss sa s
a

y
A

σ μ
=

= −
− ∑ , and the covariance for unit s  and unit *s  as 

*
1

ss
A

A
σ− , where ( )( )* * *

1

1
1

A

ss sa s s a s
a

y y
A

σ μ μ
=

= − −
− ∑ , and summarizing the covariances as 

1
A

A
A
− Σ  where ( )( )*

1
1A ss AA

σ ′= =
−

Σ yP y .  

 
Sampling 
 
 An experiment will result in observing the response for subjects assigned to each 
treatment.  Suppose that a simple random sample of nA  subjects is selected without replacement 
and placed into A  consecutive treatment groups of n subjects, indexing the treatment groups 
by 1,...,j A=  and the selected subjects by 1,...,i N=  in each treatment group. We will refer to 
the subject in position i  as PSU i . Permute the treatments and index the treatments in the 
permutation by 1,...,j A=  corresponding to treatment groups.  One way to represent the 
sampling is to think of all possible permutations of the units and all possible permutations of 
treatments. We represent the experiment by a set of random variables that represent the 
potentially observed units.   
 
 
Permutation of the population   

 
Let 1,...,i N=  index the position of a subject in a permutation of subjects, 1,...s N=  be 

the label of a subject. The permutation of units can be defined in terms of isU . Explicitly, the 
random variable isU  takes on a value of one if the subject s  is assigned to position i  in a 
permutation, or zero otherwise. The matrix of indicator random variables for units is given by 

( )( )N N isU× =U . Similarly, let 1,...,j A=  index the position of a treatment in a permutation of 
treatments, 1,...,a A=  labels the treatments. The permutation of the treatments can be defined in 
terms of indicator random variable jaV , where jaV  takes on a value of one if the treatment a  is 
assigned to position j  in a permutation, or zero otherwise. The matrix of indicator random 

variables for treatments is ( )( )A A jaV× =V .  
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We use U and V to represent a joint permutation of units and treatments. Explicitly, let 

( ) ( )( )1 2 N i
′′= =U U U U UL  and ( ) ( )( )1 2 A j

′′= =V V V V VL . Then 

1 1

N A

ij i j is ja sa
s a

Y U V y
= =

′= =∑∑U yV . Using the property of the permutation matrix, for any permutation 

matrix, we get  

( )

( ) ( )

( )

( ) ( )*

1

1
1

1

1 when  *
1

N

U N N

i N

i i N

E
N

Var vec
N

Var
N

Cov i i
N N

=

⎡ ⎤ = ⊗⎣ ⎦ −

=

= − ≠
−

U J

U P P

U P

U U P

 

 

                                              ( )*
1

i i NE
N

=U U I  when *i i=  (3) 

( ) ( ) ( )*
1

1i i N NE
N N

= −
−

U U J I  when *i i≠ .(4) 

We define the joint random permutation model for the population as ( )( )ijY ′= =Y UyV  

where ijY  indicates the response of PSU i  in the treatment group. 
Using  (1),  

N A A Nμ′ ′ ′ ′ ′ ′= + + +Y U1 1 V U 1 V U1 Vβ τ Ε , (5) 
where ′U VΕ = ε . Note that N N A A′ ′ ′U1 = 1 , 1 V = 1  .  As a result,  
    N A A Nμ′ ′ ′ ′ ′= + + +Y 1 1 U 1 1 V UεVβ τ .  (6) 
We also define =B Uβ  and =T Vτ . Then  

  N A A Nμ′ ′ ′= + + +Y 1 1 B1 1 T Ε    (7) 
We refer to this as the random one factor permutation model.  
 
Expectation and Variance: 
  

We determine the expected value and the variance of the random one factor permutation 
model next. We use ( ) ( )( )UV V U|VE E E=Y Y  to determine the expected value. Note that 

( ) ( ) ( )U|V U|V U|VE E E′ ′⎡ ⎤= = ⎣ ⎦Y UyV U yV  where ( ) 1
U NE

N
=U J since ( ) 1

U isE U
N

= for all 

1,...,i N= and 1,...s N= . Further, ( ) ( )1
UV N VE E

N
′=Y J y V . Since ( ) 1

V AE
A

′ =V J  we find that 

( ) 1
UV N AE

AN
=Y J yJ . Using the definition ofμ , ( )UV N AE μ ′=Y 1 1 .  
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We use a column expansion of Y to develop an expression for the variance. 
 ( ) ( )( ) ( )( )UV V U|V V U|VVar vec Var E vec E Var vec= +⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦Y Y Y  

We first simplify an expression for ( )( )V U|VVar E vec⎡ ⎤⎣ ⎦Y .  

Recall that ( ) ( )U|V U|VE vec vec E⎡ ⎤=⎡ ⎤⎣ ⎦ ⎣ ⎦Y Y  and using equation  (7), 

( ) ( )U|V U|V N A A NE E μ′ ′ ′= + + +Y 1 1 B1 1 T Ε . Note that N Aμ′1 1  and N N′ ′ ′1 T = 1 Vτ  are constants 

given V . To evaluate ( )U|V AE ′B1 , we substitute =B Uβ . Then 

( ) ( )
( )

1

1

U|V A U|V A

U|V A

N A

N N A

E E

E

N

N

′ ′=

′=

′=

′ ′=

B1 U 1

U 1

J 1

1 1 1

β

β

β

β

 

Since 
1

0
N

N s
s
β

=

′ =∑1 β = , then ( ) 0U|V AE ′ =B1   

Since ′U VΕ = ε , ( ) ( ) ( )U|V U|VE E ′⎡ ⎤⎣ ⎦U VΕ = ε  which simplifies to ( ) 1
U|V N NE

N
′ ′1 1 VΕ = ε . Let 

( )( )aεε =  where ( )1 2a a a Naε ε ε ′=ε L . Hence,  

 
1

N

N a sa
s
ε

=

′ ∑1 ε = , s sβ μ μ= − , a aμ μ α= + and 
1

1 N

a sa
s

y
N

μ
=

= ∑ , hence 

( )

( )

1 1

1 1 1

0
0

N N

N a sa sa s a
s s

N N N

sa s a
s s s

a a

y

y

N N

ε μ β α

β μ α

μ μ

= =

= = =

′ = − − −

= − − +

= − −
=

∑ ∑

∑ ∑ ∑

1 ε =

 

As a result, N′1 0ε =  and ( )U|VE 0Ε = .  Hence, ( )U|V N A NE μ′ ′= +Y 1 1 1 T .  Next, we evaluate  

( )( ) ( )
( )

V U|V V N A N

V N

Var E vec Var vec

Var vec

μ′ ′= +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
′= ⎡ ⎤⎣ ⎦

Y 1 1 1 T

1 T
 

Substituting =T Vτ ,  
( ) ( )

( ) ( )
N N

A N

vec vec

vec

′ ′ ′=

′ ′= ⊗⎡ ⎤⎣ ⎦

1 T 1 V

I 1 V

τ

τ
 

As a result, ( )( ) ( ) ( ) ( )V U|V A N V A Nvar E vec var vec ′′ ′ ′= ⊗ ⊗⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦Y I 1 V I 1τ τ . 
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We evaluate ( )Vvar vec ′⎡ ⎤⎣ ⎦V  similar to expression for the ( ) ( )1
1U N NVar vec

N
= ⊗⎡ ⎤⎣ ⎦ −

U P P , 

such that ( ) ( )1
1U A AVar vec

A
′ = ⊗⎡ ⎤⎣ ⎦ −

V P P . As a result,  

( )( ) ( ) ( ) ( )

( )

1
1

1
1

1
1

V U|V A N A A A N

A N A N

A A N N

Var E vec
A

A

A

′′ ′= ⊗ ⊗ ⊗⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦−
⎛ ⎞′ ′= ⊗ ⎜ ⎟−⎝ ⎠

⎛ ⎞′ ′= ⊗⎜ ⎟−⎝ ⎠

Y I 1 P P I 1

P 1 P 1

P P 1 1

τ τ

τ τ

τ τ

 

We define 2 1
1A AA

σ ′=
−

Pτ τ , and obtain 

( )( ) 2
V U|V A A NVar E vec σ= ⊗⎡ ⎤⎣ ⎦Y P J   (8) 

 Next, we evaluate ( )( )V U|VE Var vec⎡ ⎤⎣ ⎦Y .  First, using (6),  

( ) ( )
[ ]( )

|

|

U|V U V N A A N

U V A

Var vec Var vec

Var vec

μ′ ′ ′ ′ ′= + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦
⎡ ⎤′ ′= +⎣ ⎦

Y 1 1 U 1 1 V UεV

U 1 εV

β τ

β
 

since other terms do not depend on U .  Using the vec expansion,  

[ ]( ) [ ] ( )A A Nvec vec⎛ ⎞′′ ′ ′ ′+ = + ⊗⎜ ⎟
⎝ ⎠

U 1 εV 1 εV I Uβ β , 

and using ( ) ( )1
1U N NVar vec

N
= ⊗⎡ ⎤⎣ ⎦ −

U P P ,  

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

1
1

1
1

U|V A N U A N

A N N N A N

A N A N

Var vec Var vec

N

N

′⎡ ⎤ ⎡ ⎤′ ′′ ′ ′ ′= + ⊗ + ⊗⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

′ ′ ′ ′= + ⊗ ⊗ + ⊗⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦−

′ ′ ′ ′= + + ⊗⎡ ⎤⎣ ⎦−

Y 1 εV I U 1 εV I

1 Vε I P P 1 εV I

1 Vε P 1 εV P

β β

β β

β β

. 

We can express A A=1 V1 .  As a result, 

( ) ( ) ( )

( ) ( )

( ) ( )

1
1

1
1

1
1

U|V A N A N

A N A N

A N A N

Var vec
N

N

N

′ ′ ′ ′= + + ⊗⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦−

′ ′ ′ ′ ′= + + ⊗⎡ ⎤⎣ ⎦−

′ ′ ′ ′= + + ⊗⎡ ⎤⎣ ⎦−

Y 1 Vε P 1 εV P

V1 Vε P 1 V εV P

V 1 ε P 1 ε V P

β β

β β

β β

. 

 Notice that  
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N N N A N A N N N

N A N

A

μ′ ′ ′= + + +
′= +

′= +

P y P 1 1 P 1 P 1 P
P 1 P
1

β τ ε
β ε

β ε
. 

Also, since NP  is idempotent, then ( ) ( )N N N N
′′ =y P y P y P P y .  Then, since 1

1 NN
′=

−
Σ y P y , 

( ) ( )1
1 A N AN

′ ′ ′= + +
−

Σ 1 P 1β ε β ε .  As a result,  

( ) ( )U|V NVar vec ′= ⊗⎡ ⎤⎣ ⎦Y VΣV P . 

The last step is to take the expectation of ( ) ( )U|V NVar vec ′= ⊗⎡ ⎤⎣ ⎦Y VΣV P  with respect to V .  

( )( ) ( )V U|V V NE Var vec E ′= ⊗⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦Y VΣV P  

In order to get ( )VE ′VΣV , recall that ( ) ( )( )1 2 A j
′′= =V V V V VL where  

( )1 2 ...j j j jAV V V ′=V , then  
 

1 1 1 2 1

2 1 2 2 2

1 2

A

A

A A A A

⎛ ⎞′ ′ ′
⎜ ⎟
⎜ ⎟′ ′ ′

′ = ⎜ ⎟
⎜ ⎟
⎜ ⎟′ ′ ′⎜ ⎟
⎝ ⎠

V ΣV V ΣV V ΣV

V ΣV V ΣV V ΣV
VΣV

V ΣV V ΣV V ΣV

L

L

M M O M

L

 

To determine the expectation, we evaluate the expectation of each item of the matrix ( )*j jE ′V ΣV . 

First, since *j j
′V ΣV  is a scalar, ( ) ( )* * *j j j j j jtr tr′ ′ ′= =V ΣV V ΣV V V Σ . Then, 

( ) ( )* *j j j jE tr E′ ⎡ ⎤′= ⎣ ⎦V ΣV V V Σ . Using equations (3) and (4), we simplify  

When *j j=  

( )
( )

( ) ( )

*
1

1
1

V j j AE tr
A

tr
A

tr
tr

A A

⎛ ⎞′ = ⎜ ⎟
⎝ ⎠

=

⎡ ⎤
= −⎢ ⎥− ⎣ ⎦

V ΣV I Σ

Σ

Σ
Σ

        

When *j j≠ . 
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( ) ( ) ( )

( )

*
1

1

1 1
1 1

V j j A AE tr
A A

tr
A A A A

⎡ ⎤′ = −⎢ ⎥−⎣ ⎦
⎡ ⎤′

= + −⎢ ⎥− − ⎣ ⎦

V ΣV J I Σ

Σ1 Σ1
  

As a result,  

( ) ( ) ( )1
( 1) 1V A A AE tr

A A A
′

′ = − + ⎡ ⎤⎣ ⎦− −
1 Σ1VΣV J I P Σ   (9) 

Note that  1
1 NN

′ ′ ′
−

1 Σ1 = 1 y P y1  and  ( )( ) ( )( )s sA A Aμ μ β= +y1 =  , 1,...s N= . Define 

2 1
1S NN

σ ′=
−

Pβ β . As a result,  

( )( ) ( )( )
2

2 2

1
1

1

s N s

N

S

A A A A
N
A

N
A

μ β μ β

σ

′′ + +
−

′=
−

1 Σ1 = P

Pβ β

=

 

Substitute this result, then  

( ) ( ) ( )

( )
2 2

1
( 1) 1

1 1

V N A A A N

S
A A N A N

E tr
A A A

A A
A A
σ σ

′⎛ ⎞′ ⊗ = − + ⊗⎡ ⎤⎜ ⎟⎣ ⎦− −⎝ ⎠

= − ⊗ + ⊗
− −

1 Σ1VΣV P J I P Σ P

J I P P P

(10) 

Sum over (8) and (10):  
 

( ) ( )( ) ( )( )
( )

2 2
2

1 1

U|VUV V V U|V

S
A A N A N A A N

Var vec E Var vec Var E vec

A A
A A
σ σ σ

= +⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦

= − ⊗ + ⊗ + ⊗
− −

Y Y Y

J I P P P P J
(11) 

 
Simplifying the Model Assuming no Interaction: 
 

In order to simplify the problem, we first assume 0saε = (No interaction between effect 
of units and effect of treatments. This implies the treatment effect will not change with respect to 
different unit and the unit effect will not change with respect to different treatments).  With this 
assumption we simplify the model (1) as sa s ay μ β α= + + .  

As a result, ( )( ) 2 2
* * *

1 1

1 1
1 1

N N

aa sa a sa a s S
s s

y y
N N

σ μ μ β σ
= =

= − − = =
− −∑ ∑ . Σ  can be simplified 

as 2
S Aσ=Σ J   and 2 2

Sσ σ= . Substitute 2 2
Sσ σ=   to equation(11), then  

( ) 2 2
UV S A N A A NVar vec σ σ= ⊗ + ⊗⎡ ⎤⎣ ⎦Y J P P J  
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Re-arranging Terms into the Sample and Remainder 
 

We re-arrange and collapse the random variables into a set corresponding to the weighted 
sample totals, *

IY , and a set corresponding to the weighted remaining totals for each treatment, 

*
IIY  such that 

*
*

*
II

IIII

⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

KY
Y

KY
 where  * ( )vec=Y Y .  

We assume equal sample size for each treatment. Let 

 
( )21 1

1 A

I j n j n jA nj N nAN
δ δ δ1= × −

⎛ ⎞′ ′ ′= ⊕ ⎜ ⎟
⎝ ⎠

K 1 1 1 0L , 

 where *jjδ  is an indicator variable with value one when *j j=  and zero otherwise. IK  can be 
written as  

( )1 1

1 A

I j nj N nAN = × −

⎛ ⎞′ ′= ⊕ ⊗⎜ ⎟
⎝ ⎠

K δ 1 0  

where ( )2j j j jAδ δ δ1
′=δ L is a vector of length 1A×  with a value of one in row j  and 

zero otherwise.  Note that ( )*
1 2( ) Avec ′′ ′ ′= =Y Y Y Y YL  where 

( )1 2 ( 1)...j j j N j NjY Y Y Y−
′=Y so that  

( )

( )
( )

( )
( )

( )
( )

1

2*

1

11

21

1

1

1

A

I j n N nAj

A

n n n N nA

n n n N nA

n n n AN nA

N

N

−=

× −

× −

× −

⎛ ⎞
⎜ ⎟

⎡ ⎤ ⎜ ⎟′ ′ ′= ⊕ ⊗⎢ ⎥ ⎜ ⎟⎣ ⎦
⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞′ ′ ′⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟
⎛ ⎞⎜ ⎟′ ′ ′⎜ ⎟⎜ ⎟= ⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞′ ′ ′⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

Y
Y

K Y δ 1 0

Y

1 0 0 0 Y

0 1 0 0 Y

0 0 1 0 Y

M

L

L

M

L

. 

Define nf
N

= , and the sample mean for treatment thj  as 
( )1 1

1 jn

jI ij
i j n

Y Y
n = − +

= ∑ ,  

1

* 2

I

I
I

AI

Y
Y

f

Y

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

K Y
M

.   Let us define ( )1 ... ...I I jI AIY Y Y ′=Y , then *
I If=K Y Y . 

 
Similarly, let  
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( )
( )

( )

1
n n n N nA N N

N n n n N nA N
II

N N n n n N nA

N

−

−

−

′ ′ ′ ′ ′ ′⎛ ⎞
⎜ ⎟′ ′ ′ ′ ′ ′⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟′ ′ ′ ′ ′ ′⎝ ⎠

0 1 1 1 0 0
0 1 0 1 1 0

K

0 0 1 1 0 1

L L

L L

M M O M

L L

.   

or ( )( )
1

1 A

II A j n N nAjN −=

⎡ ⎤′ ′ ′ ′= ⊕ − ⊗⎢ ⎥⎣ ⎦
K 1 δ 1 1 .  Then  

( )( )

( )

1
1

1

2 22*
1 2 1

1

1 1

1 1

N

i
i n

n N

A i i
i i nII A j n N nAj

A N

iA
i A n

Y

Y Y
N N

Y

= +

= = +−=

= − +

⎛ ⎞
⎜ ⎟
⎜ ⎟⎛ ⎞
⎜ ⎟⎜ ⎟ +⎜ ⎟⎡ ⎤ ⎜ ⎟′ ′ ′ ′= ⊕ − ⊗ = ⎜ ⎟⎢ ⎥ ⎜ ⎟⎣ ⎦ ⎜ ⎟⎜ ⎟
⎜ ⎟⎝ ⎠
⎜ ⎟
⎜ ⎟
⎝ ⎠

∑

∑ ∑

∑

Y
Y

K Y 1 δ 1 1

Y
M

M

.  Let us define the average 

response for the remaining random variables with treatment thj  as  

1

1 N

jII ij jI
i

Y Y nY
N n =

⎛ ⎞= −⎜ ⎟− ⎝ ⎠
∑  

Then 

 ( )

1

* 21

II

II
II

AII

Y
Y

f

Y

⎛ ⎞
⎜ ⎟
⎜ ⎟= −
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

K Y
M

 

Let us define ( )1 ... ...II II jII AIIY Y Y ′=Y , then ( )* 1II IIf= −K Y Y . 
 

Summarizing these results,
( )

( )( )
1 1

1

1

A

j nj N nAI
A

II
A j n N nAj

N
= × −

−=

⎛ ⎞⎛ ⎞′ ′⊕ ⊗⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠⎜ ⎟=⎜ ⎟
⎜ ⎟⎝ ⎠ ′ ′ ′ ′⊕ − ⊗⎜ ⎟
⎝ ⎠

δ 1 0
K
K 1 δ 1 1

and 
( )

*

* 1
II

IIII

f
f

⎛ ⎞⎛ ⎞
= ⎜ ⎟⎜ ⎟ −⎝ ⎠ ⎝ ⎠

YY
YY

. 

 
Determining the Expected Value 

We use these expressions to form the expected value and variance of 
*

*
I

II

⎛ ⎞
⎜ ⎟
⎝ ⎠

Y
Y

.   

Since 
*

*
*

II

IIII

⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

KY
Y

KY
 and ( )*

UV NAE μ=Y 1 ,  
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( )

( )( )
( )

( )

( )( )
( )

( )

* 1 1

*

1

1 1

1

1

1

1

1

1

A

j nj N nA
I

UV NAA
II

A j n N nAj

A

j nj N nA

NAA

A j n N nAj

A

j

AA

j

E
N

N

n

N N n

μ

μ

μ

μ

= × −

−=

= × −

−=

=

=

⎛ ⎞⎛ ⎞′ ′⊕ ⊗⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠⎜ ⎟=⎜ ⎟
⎜ ⎟⎝ ⎠ ′ ′ ′ ′⊕ − ⊗⎜ ⎟
⎝ ⎠
⎛ ⎞⎛ ⎞′ ′⊕ ⊗⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟=
⎜ ⎟′ ′ ′ ′⊕ − ⊗⎜ ⎟
⎝ ⎠
⎛ ⎞⊕⎜ ⎟

= ⎜ ⎟
⎜ ⎟⊕ −⎜ ⎟
⎝ ⎠

δ 1 0
Y

1
Y 1 δ 1 1

δ 1 0
1

1 δ 1 1

1

. 

We express this as
( )

*
1

*

1

11

A

jI
UV A AA

II
j

f f
E

ff

μ
μ

μ

=

=

⎛ ⎞⊕⎜ ⎟ ⎡ ⎤⎛ ⎞ ⎛ ⎞
= = ⊗⎜ ⎟⎜ ⎟ ⎢ ⎥⎜ ⎟−⎜ ⎟ ⎝ ⎠⎝ ⎠ ⎣ ⎦− ⊕⎜ ⎟
⎝ ⎠

Y
1 1

Y
 

Determining the Partitioned Variance 
 
Next, we consider expressions for the variance: 

( )

( ) ( )
( ) ( )

*
*

*

,

,

* *

* *

var var

var var

var var

I II
UV UV

II IIII

I I II

I II II

I UV I I UV II

II UV I II UV II

′⎛ ⎞ ⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞

= ⎜ ⎟′⎝ ⎠
⎛ ⎞′ ′
⎜ ⎟=
⎜ ⎟′ ′⎝ ⎠

K KY
Y

K KY

V V
V V

K Y K K Y K

K Y K K Y K

 

Now 
( )

( )( )
1 1

1

1

A

j nj N nAI
A

II
A j n N nAj

N
= × −

−=

⎛ ⎞⎛ ⎞′ ′⊕ ⊗⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠⎜ ⎟=⎜ ⎟
⎜ ⎟⎝ ⎠ ′ ′ ′ ′⊕ − ⊗⎜ ⎟
⎝ ⎠

δ 1 0
K
K 1 δ 1 1

 and ( )* 2 2varUV S A N A A Nσ σ= ⊗ + ⊗Y J P P J  so that  

( )*varI I UV I′=V K Y K  is given by  

( )

( ) ( )

2 2
2 1 1

2 2
2 21 1 1 1

1

1 1

A A
j n

I j n N nA S A N A A Nj j
N nA

A A A A
j n j n

j n N nA S A N j n N nA A A Nj j j j
N nA N nA

N

N N

σ σ

σ σ

−= =
−

− −= = = =
− −

⊗⎛ ⎞
′ ′ ′ ⎡ ⎤= ⊕ ⊗ ⊗ + ⊗ ⊕ ⎜ ⎟⎣ ⎦

⎝ ⎠
⊗ ⊗⎛ ⎞ ⎛ ⎞

′ ′ ′ ′ ′ ′⎡ ⎤ ⎡ ⎤= ⊕ ⊗ ⊗ ⊕ + ⊕ ⊗ ⊗ ⊕⎜ ⎟ ⎜ ⎟⎣ ⎦ ⎣ ⎦
⎝ ⎠ ⎝ ⎠

δ 1
V δ 1 0 J P P J

0

δ 1 δ 1
δ 1 0 J P δ 1 0 P J

0 0

 

For the first item:  
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( )

( ) ( ) ( )

( ) ( )

2
2 1 1

1 2
1 1 1

12
2 2

2

1 A A
j n

j n N nA S A Nj j
N nA

n n A n
n N nA N n N nA N n N nA N

N nA N nA N nA

n
n N nA N n N nA NS

N nA

N

N

σ

σ

−= =
−

− − −
− − −

− −
−

⊗⎛ ⎞
′ ′ ′ ⎡ ⎤⊕ ⊗ ⊗ ⊕⎜ ⎟⎣ ⎦

⎝ ⎠
⊗ ⊗ ⊗⎛ ⎞ ⎛ ⎞ ⎛ ⎞

′ ′ ′ ′ ′ ′ ′ ′ ′⊗ ⊗ ⊗⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⊗⎛ ⎞
′ ′ ′ ′ ′ ′⊗ ⊗⎜ ⎟

= ⎝ ⎠

δ 1
δ 1 0 J P

0

δ 1 δ 1 δ 1
δ 1 0 P δ 1 0 P δ 1 0 P

0 0 0

δ 1
δ 1 0 P δ 1 0 P

0

L

( )

( ) ( ) ( )

2
2

1 2

n A n
n N nA N

N nA N nA

n n A n
A n N nA N A n N nA N A n N nA N

N nA N nA N nA

−
− −

− − −
− − −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟⊗ ⊗⎛ ⎞ ⎛ ⎞⎜ ⎟′ ′ ′⊗⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟⊗ ⊗ ⊗⎛ ⎞ ⎛ ⎞ ⎛ ⎞

′ ′ ′ ′ ′ ′ ′ ′ ′⎜ ⎟⊗ ⊗ ⊗⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

δ 1 δ 1
δ 1 0 P

0 0

δ 1 δ 1 δ 1
δ 1 0 P δ 1 0 P δ 1 0 P

0 0 0

L

M M O M

L

 
Now  

( )

( ) ( )

( )

1
1

1 1
1 1

2

1

1

1

n
n N nA N

N nA

n n
n N nA n N nA N N

N nA N nAN

n nn n
N N

n f

−
−

− −
− −

⊗⎛ ⎞
′ ′ ′⊗ ⎜ ⎟

⎝ ⎠
⊗ ⊗⎛ ⎞ ⎛ ⎞

′ ′ ′ ′ ′ ′ ′= ⊗ − ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

= −

δ 1
δ 1 0 P

0

δ 1 δ 1
δ 1 0 δ 1 0 1 1

0 0 . 

Also,  

( )

( ) ( )

1
2

1 1
2 2

1

n
n N nA N

N nA

n n
n N nA n N nA N N

N nA N nAN

nn
N

nf

−
−

− −
− −

⊗⎛ ⎞
′ ′ ′⊗ ⎜ ⎟

⎝ ⎠
⊗ ⊗⎛ ⎞ ⎛ ⎞

′ ′ ′ ′ ′ ′ ′= ⊗ − ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞= −⎜ ⎟
⎝ ⎠

= −

δ 1
δ 1 0 P

0

δ 1 δ 1
δ 1 0 δ 1 0 1 1

0 0 . 

As a result,  

( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( )

2
2 1 1

2
2

2

1

1
1

1

A A
j n

j n N nA S A Nj j
N nA

S

S A A

N

f f f
f f fn

N
f f f

f f
N

σ

σ

σ

−= =
−

⊗⎛ ⎞
′ ′ ′ ⎡ ⎤⊕ ⊗ ⊗ ⊕⎜ ⎟⎣ ⎦

⎝ ⎠
⎛ − − − ⎞
⎜ ⎟− − −⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟− − −⎝ ⎠

= −

δ 1
δ 1 0 J P

0

I J

L

L

M M O M

L
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For the second item:  

( )

( ) ( ) ( )

( )

2
2 1 1

1 2
1 1 1

2
2

2

1

1 1 11

1

A A
j n

j n N nA A A Nj j
N nA

n n A n
n N nA N n N nA N n N nA N

N nA N nA N nA

n N nAA

N

A A A

A
N

σ

σ

−= =
−

− − −
− − −

−

⊗⎛ ⎞
′ ′ ′ ⎡ ⎤⊕ ⊗ ⊗ ⊕⎜ ⎟⎣ ⎦

⎝ ⎠
⊗ ⊗ ⊗⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′ ′⊗ − ⊗ − ⊗ −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛′ ′ ′⊗ −
= ⎝

δ 1
δ 1 0 P J

0

δ 1 δ 1 δ 1
δ 1 0 J δ 1 0 J δ 1 0 J

0 0 0

δ 1 0

L

( ) ( )

( ) ( )

1 2
2 2

1 2

1 11

1 1

n n A n
N n N nA N n N nA N

N nA N nA N nA

n n
A n N nA N A n N nA N A n N

N nA N nA

A A

A A

− −
− − −

− − −
− −

⊗ ⊗ ⊗⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′⊗ − ⊗ −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⊗ ⊗⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′ ′⊗ − ⊗ − ⊗⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

δ 1 δ 1 δ 1
J δ 1 0 J δ 1 0 J

0 0 0

δ 1 δ 1
δ 1 0 J δ 1 0 J δ 1 0

0 0

L

M M O M

L ( ) 11 A n
nA N

N nAA −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⊗⎛ ⎞⎛ ⎞⎜ ⎟− ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

δ 1
J

0

 
Now  

( )

( )

1
1

1
1

2

11

11

11

n
n N nA N

N nA

n
n N nA N N

N nA

A

A

n
A

−
−

−
−

⊗⎛ ⎞⎛ ⎞′ ′ ′⊗ − ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

⊗⎛ ⎞⎛ ⎞ ′ ′ ′ ′= − ⊗ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞= −⎜ ⎟
⎝ ⎠

δ 1
δ 1 0 J

0

δ 1
δ 1 0 1 1

0
. 

Also,  

( )

( )

1
2

1
2

2

1

1

1

n
n N nA N

N nA

n
n N nA N N

N nA

A

A

n
A

−
−

−
−

⊗⎛ ⎞⎛ ⎞′ ′ ′⊗ − ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

⊗⎛ ⎞⎛ ⎞ ′ ′ ′ ′= − ⊗ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞= −⎜ ⎟
⎝ ⎠

δ 1
δ 1 0 J

0

δ 1
δ 1 0 1 1

0
. 

As a result,  

( ) 2
2 1 1

2 2 2

2 2 22

2

2 2 2

2 2

2

1

1 1 11

1 1 11

1 1 11

A A
j n

j n N nA A A Nj j
N nA

A

A

N

n n n
A A A

n n n
A A A

N

n n n
A A A

n
N

σ

σ

σ

−= =
−

⊗⎛ ⎞
′ ′ ′ ⎡ ⎤⊕ ⊗ ⊗ ⊕⎜ ⎟⎣ ⎦

⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − −⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟= ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟
⎜ ⎟

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟− − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

=

δ 1
δ 1 0 P J

0

P

L

L

M M O M

L

2 2
A A Af σ= P
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Adding these two items:  

( )

( )

2 2
2 1 1

2 2 2

1 A A
j n

I j n N nA S A N A A Nj j
N nA

S A A A A

N
f f f
N

σ σ

σ σ

−= =
−

⊗⎛ ⎞
′ ′ ′ ⎡ ⎤= ⊕ ⊗ ⊗ + ⊗ ⊕⎜ ⎟⎣ ⎦

⎝ ⎠

= − +

δ 1
V δ 1 0 J P P J

0

I J P

 

 
Similarly, ( )*

, varI II I UV II′=V K Y K  

( ) ( )

( ) ( ) ( ) ( )

2 2
, 2 1 1

2 2
2 21 1 1 1

1

1 1

A A
A j n

I II j n N nA S A N A A Nj j
N nA

A A A A
A j n A j n

j n N nA S A N j n N nA A A Nj j j j
N nA N nA

N

N N

σ σ

σ σ

−= =
−

− −= = = =
− −

⎛ ⎞− ⊗
′ ′ ′ ⎡ ⎤= ⊕ ⊗ ⊗ + ⊗ ⊕ ⎜ ⎟⎣ ⎦ ⎜ ⎟

⎝ ⎠
⎛ ⎞ ⎛ ⎞− ⊗ − ⊗

′ ′ ′ ′ ′ ′⎡ ⎤ ⎡ ⎤= ⊕ ⊗ ⊗ ⊕ + ⊕ ⊗ ⊗ ⊕⎜ ⎟ ⎜ ⎟⎣ ⎦ ⎣ ⎦⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

1 δ 1
V δ 1 0 J P P J

1

1 δ 1 1 δ 1
δ 1 0 J P δ 1 0 P J

1 1

.   

 
For the first item:  

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

2
2 1 1

1 2
1 1 1

12
2

2

1 A A
A j n

j n N nA S A Nj j
N nA

A n A n A A n
n N nA N n N nA N n N nA N

N nA N nA N nA

A n
n N nA NS

N nA

N

N

σ

σ

−= =
−

− − −
− − −

−
−

⎛ ⎞− ⊗
′ ′ ′ ⎡ ⎤⊕ ⊗ ⊗ ⊕⎜ ⎟⎣ ⎦ ⎜ ⎟

⎝ ⎠

⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞
′ ′ ′ ′ ′ ′ ′ ′ ′⊗ ⊗ ⊗⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ − ⊗ ⎞

′ ′ ′⊗ ⎜
= ⎝

1 δ 1
δ 1 0 J P

1

1 δ 1 1 δ 1 1 δ 1
δ 1 0 P δ 1 0 P δ 1 0 P

1 1 1

1 δ 1
δ 1 0 P

1

L

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2
2 2

1 2

A n A A n
n N nA N n N nA N

N nA N nA

A n A n A A n
A n N nA N A n N nA N A n N nA N

N nA N nA N nA

− −
− −

− − −
− − −

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞⎜ ⎟′ ′ ′ ′ ′ ′⊗ ⊗⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞⎜ ′ ′ ′ ′ ′ ′ ′ ′ ′⊗ ⊗ ⊗⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

1 δ 1 1 δ 1
δ 1 0 P δ 1 0 P

1 1

1 δ 1 1 δ 1 1 δ 1
δ 1 0 P δ 1 0 P δ 1 0 P

1 1 1

L

M M O M

L ⎟
⎟

Now 

( ) ( )

( ) ( ) ( ) ( )

( )( )
( )

1
1

1 1
1 1

1

10

1

A n
n N nA N

N nA

A n A n
n N nA n N nA N N

N nA N nAN

n N n
N

n f

−
−

− −
− −

⎛ − ⊗ ⎞
′ ′ ′⊗ ⎜ ⎟

⎝ ⎠
⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞

′ ′ ′ ′ ′ ′ ′= ⊗ − ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − −

= − −

1 δ 1
δ 1 0 P

1

1 δ 1 1 δ 1
δ 1 0 δ 1 0 1 1

1 1  

While,  
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( ) ( )

( ) ( ) ( ) ( )

( )( )
( )

2
1

2 2
1 1

1

1

1

A n
n N nA N

N nA

A n A n
n N nA n N nA N N

N nA N nAN

n n N n
N

n n f
nf

−
−

− −
− −

⎛ − ⊗ ⎞
′ ′ ′⊗ ⎜ ⎟

⎝ ⎠
⎛ − ⊗ ⎞ ⎛ − ⊗ ⎞

′ ′ ′ ′ ′ ′ ′= ⊗ − ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= − −

= − −

=

1 δ 1
δ 1 0 P

1

1 δ 1 1 δ 1
δ 1 0 δ 1 0 1 1

1 1

. 

Hence:  

( ) ( )

( )
( )

( )

[ ]

2
2 1 1

2

2

2

2

1

1
1

1

1
1

1

A A
A j n

j n N nA S A Nj j
N nA

S

S

S
A A

N

n f nf nf
nf n f nf

N
nf nf n f

f f f
f f f

f
N

f f f

f f
N

σ

σ

σ

σ

−= =
−
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For the second item:  
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N nA

A n
n N nA N N

N nA

A

A

n N n
A

−
−

−
−

⎛ − ⊗ ⎞⎛ ⎞′ ′ ′⊗ − ⎜ ⎟⎜ ⎟
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N nA

A n
n N nA N N

N nA

A

A

n N n
A

−
−

−
−

⎛ − ⊗ ⎞⎛ ⎞′ ′ ′⊗ − ⎜ ⎟⎜ ⎟
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⎟
⎟
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⎜ ⎟
⎜ ⎟
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Hence, [ ] ( )
2

2
, 1S

I II A A A Af f f f
N
σ σ= − + −V J I P  . 
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1 δ 1
1 P J

1

For the first item:  
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For the second item:  
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Hence:  
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Adding the two items:  
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 In summary, 
*

,
*

,

var I I III
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V VY
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2 21S
II A A A Af f f

N
σ σ= − + −V I J P . 
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 We are interested in a linear combination of treatment means given by *P ′= g Y . In terms 

of the partitioned vector
*

*
*

II

IIII

⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

KY
Y

KY
, the target parameter is given by 

( )
*

* *
*
I

j jI jII jI I jII II
II

P
⎛ ⎞

′ ′ ′ ′= = +⎜ ⎟
⎝ ⎠

Y
e e e Y e Y

Y
 where all elements of jIe and jIIe  are equal to zero except 

the element in row j  which is equal to one. Define jI jII j′ ′ ′= =e e e . Since
( )

*

* 1
II

IIII

f
f

⎛ ⎞⎛ ⎞
= ⎜ ⎟⎜ ⎟ −⎝ ⎠ ⎝ ⎠

YY
YY

, 

then  

( )

( )

( )

( )

*

*

* *

1 1 1

1 1 1

1

1

1

1 1

1

I
j jI jII

II

j I j II

jI jII

jn N

ij ij jI
i j n i

jn N

ij ij jI
i j n i

N

ij
i

P

fY f Y

f fY Y nY
n N n

Y Y nY
N N

Y
N

= − + =

= − + =

=

⎛ ⎞
′ ′= ⎜ ⎟

⎝ ⎠
′ ′= +

= + −

− ⎛ ⎞= + −⎜ ⎟− ⎝ ⎠

⎛ ⎞= + −⎜ ⎟
⎝ ⎠

=

∑ ∑

∑ ∑

∑

Y
e e

Y

e Y e Y

 

Where jP indicates the mean of the thj  postion in the permutation of treatments. 
 We require the predictor to be a linear function of the random variables in the sample, to be 
unbiased, and to minimize the expected value of the mean squared error.  Collection of the study 
data will result in realizing the values of *

IY .   
Refer to Argetina2006-lec1a.doc which gives the general method to find the BLUP.  
For our special sample:  

Target: 
1

1 N

j ij
i

P Y
N =

= ∑  

Collapsing: 
( )

*

* 1
II

IIII

f
f

⎛ ⎞⎛ ⎞
= ⎜ ⎟⎜ ⎟ −⎝ ⎠ ⎝ ⎠

YY
YY

 

We know
*

* 1
I

UV A
II

f
E

f
μ

⎡ ⎤⎛ ⎞ ⎛ ⎞
= ⊗⎜ ⎟ ⎢ ⎥⎜ ⎟−⎝ ⎠⎝ ⎠ ⎣ ⎦

Y
1

Y
 and ,

,

I I II

I II II

⎛ ⎞
⎜ ⎟′⎝ ⎠

V V
V V

   

Now ( ) ( )I II j j′ ′ ′ ′=g g e e , I Af=X 1   (12) and ( )1II Af= −X 1 (13).  

To evaluate the predictor, we find note 1
I
−V  first.  

Since we know:  
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( )

( )

2 2 2

2 2 2

2 22 2
2 2 2

1

I S A A A A

S A A A A A

SA
S A A A

f f f
N
f f f
N A

fff f
N A N

σ σ

σ σ

σσσ σ

= − +

⎛ ⎞= − + −⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞= − +⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

V I J P

I J I J

+ I J

 

Define 2 2 2
S A

fa f
N
σ σ⎛ ⎞= ⎜ ⎟

⎝ ⎠
+  and 

2 22 2
SA ffb

A N
σσ⎛ ⎞

= +⎜ ⎟
⎝ ⎠

, plug in IV , then  

I A A

A A

a b
ba
a

= −

⎛ ⎞= −⎜ ⎟
⎝ ⎠

V I J

I J
 

Hence,  

1 1

2

1

1

I A A

A A

a a A
b
b

a a Aab

− −

⎛ ⎞
⎜ ⎟

= +⎜ ⎟
⎜ ⎟−
⎝ ⎠

= +
−

V I J

I J

  (14)   

 
Other terms simplify:  
Using (12) and (14),  

( )
( )

1
1 1 *

1

2 2

12 2

ˆ

1 1

1

I I I I I I

A A A A A A A I

A I

A I

I

b bf f f f
a a Aab a a Aab

Af f
a Ab a Ab

A
Y

α
−

− −

−

−

′ ′=

⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′= + +⎜ ⎟ ⎜ ⎟⎢ ⎥− −⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞
′= ⎜ ⎟− −⎝ ⎠

′=

=

X V X X V Y

1 I J 1 1 I J Y

1 Y

1 Y

 (15) 

where IY  is the overall sample mean.  
 
Next we simplify the term 1

,II I I
−V V . We know:  
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[ ] ( )

[ ] ( )

( ) ( )

2
2

,

2
2

22 2 2
2

1

11

1
1

S
I II A A A A

S
A A A A A

AS S
A A A

f f f f
N

f f f f
N A

f fff f f
N N A

σ σ

σ σ

σσ σσ

= − + −

⎛ ⎞= − + − −⎜ ⎟
⎝ ⎠

⎛ ⎞−⎛ ⎞
= − − + −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

V J I P

J I I J

I J

 

Define ( )
2

21 S
Ac f f f

N
σσ= − −  and ( ) 22 2 1 AS f ffd

N A
σσ −

= −  

Hence, ,I II A Ac d= +V I J  
Then  

( )1 1
, , 2

2 2

2

2

1

( )

II I I I II I A A A A

A A A A

A A

A A

bc d
a a Aab

c bc d bdA
a a Aab a a Aab
c bc d a Ab bdA
a a Aab

c bc ad
a a Aab

− − ⎛ ⎞′′= = + +⎜ ⎟−⎝ ⎠
⎛ ⎞= + + +⎜ ⎟− −⎝ ⎠
⎡ + − + ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦
⎡ + ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦

V V V V I J I J

I J J J

I J

I J

 (16). 

Using (13), (15) and (16),  

( )

( ) ( )

( ) ( )

( )

* 1 *
,

* *
2

2

2

ˆ ˆ ˆ

1

1

1

j I I II II II I I I I

j I j I A A A I I A

jI j I A A A I I A

jI I j

P

c bc adf Y fY
a a Aab

c bc adfY f Y f fY
a a Aab

c bc adfY f Y
a a Aab

α α−′ ′ ⎡ ⎤+ + −⎣ ⎦
⎡ ⎤⎡ + ⎤⎛ ⎞′ ′= + − + + −⎢ ⎥⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎣ ⎦
⎡ ⎤⎡ + ⎤⎛ ⎞′= + − + + −⎢ ⎥⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎣ ⎦

+⎛′= + − + + ⎜ −⎝

g Y g X V V Y X

e Y e 1 I J Y 1

e 1 I J Y 1

e

=

( )
( ) ( )
( ) ( )

21

1
1

A I I A

jI I jI I I I

jI I jI I

f fY

c c bc adfY f Y fY fY fAY fAY
a a a Aab
c ffY f Y Y Y
a f

⎡ ⎤⎞ ′ −⎟⎢ ⎥⎠⎣ ⎦
+⎛ ⎞ ⎛ ⎞= + − + − + −⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

⎡ ⎤
= + − + −⎢ ⎥−⎣ ⎦

1 Y 1
 

Since  ( )
2

21 S
Ac f f f

N
σσ= − −  and 2 2 2

S A
fa f
N
σ σ⎛ ⎞= ⎜ ⎟

⎝ ⎠
+ , then  

( ) ( ) ( )
2

2
2 2 2 2

2 2 2 2
2 2 2

1 1
S

A
A S A S

S A S A
S A

f f f N f N nc N
fa Nf nf
N

σσ σ σ σ σ
σ σ σ σσ σ

− − − − − −
= = =

+ ++
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Define  

( )

( )

*

2 2

2 2

2 2

2 2

1

1

1

A S

S A

A S

S A

f ck
f a

N nf
f n

N nf
f n

σ σ
σ σ

σ σ
σ σ

=
−

− −
=

−

− −
=

−

+

+

 

Thus, the estimate can be simplified as  

( ) ( )( )*ˆ 1j jI I jI IP fY f Y k Y Y= + − + −  where ( ) 2 2
*

2 21
A S

S A

N nfk
f n

σ σ
σ σ
− −

=
− +

 

 
 
 
Comparing the MSE between RP model and ANOVA?? 
 
Express the sample mean of thj  treatment ( )jIY  and  overall sample mean ( )IY  in terms of 

* ( )vec=Y Y .  

( ) ( )( )*ˆ 1j jI I jI IP fY f Y k Y Y= + − + −  

( )
*

1 1

1 A

jI j j nj N nA
Y

n = × −

⎛ ⎞′ ′ ′ ′= ⊕ ⊗⎜ ⎟
⎝ ⎠

e δ 1 0 Y   

( )

( )

*

1 1

*

1 1

1 A

I A j nj N nA

A
A

j nj N nA

Y
An

An

= × −

= × −

⎛ ⎞′ ′ ′ ′= ⊕ ⊗⎜ ⎟
⎝ ⎠

′ ⎛ ⎞′ ′ ′= ⊕ ⊗⎜ ⎟
⎝ ⎠

1 δ 1 0 Y

e J δ 1 0 Y
 

Then 

( ) ( ) ( )

( )

( )

* * *

1 1 1 1

* *

1 1

* *

1 1

1

1

1

A A
A

jI I j j n j nj N nA j N nA

A
A

A j nj N nA
j

A

A j nj N nA

k Y Y k
n An

k
n A

k
n

= × − = × −

= × −

= × −

′⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′− = ⊕ ⊗ − ⊕ ⊗⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞ ⎛ ⎞′ ′ ′ ′= − ⊕ ⊗⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

⎛ ⎞′ ′ ′ ′= ⊕ ⊗⎜ ⎟
⎝ ⎠

e Je δ 1 0 δ 1 0 Y

Je I δ 1 0 Y

e P δ 1 0 Y

( )
( )

( ) ( )

( )
( )

* * *

1 1 1 1 1 1

* *

1 1

1 1ˆ 1

1 1

A A A
A

j j j n j n A j nj N nA j N nA j N nA

A
A

j A A j nj N nA

P f f k
n An n

f f k
n A

= × − = × − = × −

= × −

′⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= ⊕ ⊗ + − ⊕ ⊗ + ⊕ ⊗⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠
⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′ ′= + − + ⊕ ⊗⎜ ⎟⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦

e Je δ 1 0 δ 1 0 Y e P δ 1 0 Y

Je I P δ 1 0 Y

Express the population mean for the thj  treatment in terms of * ( )vec=Y Y .  
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( )
( )

( )

*

1

*

11 1 1

1

1

A

j j Nj

A A

j j n A j n N nAj N nA j

P
N

N

=

× −= × − =

⎛ ⎞′ ′= ⊕⎜ ⎟
⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′= ⊕ ⊗ + ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠

e 1 Y

e δ 1 0 1 δ 1 1 Y
 

Evaluate ˆ
j jP P−  

( )
( )

( )
( )

( )

( )
( )

* *

1 1

*

11 1 1

*

1 1

1ˆ 1

1

1 11

A
A

j j j A A j nj N nA

A A

j j n A j n N nAj N nA j

A
A

j A A j nj N nA

P P f f k
n A

N

f f k
n A N

= × −

× −= × − =

= × −

⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′ ′− = + − + ⊕ ⊗⎜ ⎟⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′− ⊕ ⊗ + ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′ ′= + − + ⊕ ⊗ −⎜ ⎟⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠⎣ ⎦

Je I P δ 1 0 Y

e δ 1 0 1 δ 1 1 Y

Je I P δ 1 0
( )

( )
( )

( )
( ) ( )

( )
( )

*

11 1 1

*

11 1 1 1 1

1 1 1 11

A A

j n A j n N nAj N nA j

A A A
A

j A A j n j n A j n N nAj N nA j N nA j
f k

N n A N N

× −= × − =

× −= × − = × − =

⎛ ⎞⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′⊕ ⊗ + ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= + − + ⊕ ⊗ − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦⎝ ⎠

δ 1 0 1 δ 1 1 Y

Je I P δ 1 0 δ 1 0 1 δ 1 1 Y

( )
( )

( )
( )

*

* *

11 1 1

1 11
A A

A
j A j n A j n N nAj N nA j

f k
n A N × −= × − =

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′= − + ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠

Je P δ 1 0 1 δ 1 1 Y

 

Define ( )
( )

( )
( )

*

11 1 1

1 11
A A

A
A j n A j n N nAj N nA j

f k
n A N × −= × − =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′− + ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠

JC = P δ 1 0 1 δ 1 1  and refer 

to 
( )

( )( )
1 1

1

1

A

j nj N nAI
A

II
A j n N nAj

N
= × −

−=

⎛ ⎞⎛ ⎞′ ′⊕ ⊗⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠⎜ ⎟=⎜ ⎟
⎜ ⎟⎝ ⎠ ′ ′ ′ ′⊕ − ⊗⎜ ⎟
⎝ ⎠

δ 1 0
K
K 1 δ 1 1

, then ( ) *1 A
A I II

N f k
n A

⎛ ⎞− + −⎜ ⎟
⎝ ⎠

JC = P K K .  Define 

( ) ( ) ( ) ( )( )* * *1 1 1 1A A
A A A A A A

N N Nf k f k f k
n A n A n

⎛ ⎞⎛ ⎞ ⎛ ⎞− + = − − − + + = − + −⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

J JG = P I P I I P , 

then  

( ) ( )
( )

( ) ( )( )

( ) ( ) ( ) ( )( )
( )
( )

*

*

*

* * * *

, ,

,

ˆvar var

var

var

var var var var

2

j j j

j j

j I II I II j

j I I II I I II II II j

j I II II I II II j

j I I II II j

P P ′− =

′ ′=

′′= − −

′ ′ ′ ′ ′ ′ ′= +

′ ′ ′ ′= +

′ ′= +

e CY

e C Y C e

e GK K Y GK K e

e GK Y K G - K Y K G - GK Y K K Y K e

e GV G - V G - GV V e

e GV G - GV V e

 

For I ′GV G  
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( ) ( ) ( )* 2 2 2 *

2 2
2 * 2 2 2 2 *

2 2
2 2 2 2 *

1 1

1 1

1 1

A A
I A S A A A A A

A A
A S A S A A A A

S S A S

N f Nf k f f f k
n A N n A

f fN k f k
n N A N N A

f f fN k
n N NA N N

σ σ

σ σ σ

σ σ σ

′⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎡ ⎤′ − + − + − +⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞= − + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞⎛ ⎞= − − + +⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

J JGV G = P I J P P

J JP I J P P

J 2 2 * *

2 2
2 2 2 2 * 2 2 * *1 1

A
A A A

S S A S A A

f k k
A

f f fN k f k k
n N NA N N

σ

σ σ σ σ

⎡ ⎤ ⎛ ⎞⎛ ⎞ +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞= − − + +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

JP P

J P

 

( )
2 2

2 2 2 2 * 2 2 * *

2 2
2 2 2 2 * 2 2 * *

1 1

1 1 11

j I j j S S A S A A j

S S S A

f f fN k f k k
n N NA N N

f f fN k f k k
n N NA N N A

σ σ σ σ

σ σ σ σ

⎛ ⎞⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞′ ′ ′= − − + +⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦⎝ ⎠
⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + + −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

e GV G e e J P e

 

( ) [ ] ( )

( ) ( )

( ) ( )

( ) ( )

2
* 2

,

2 2
* 2 2

2 2 2
2 * 2 *

2 2 2
2 2

1 1

1 1

1 1

1 1

SA
I II A A A A A

S SA
A A A A A

S S S
A A A A A

S S S
A A

N f k f f f f
n A N

N f k f f f f
n A N N

N f f f f k f f k
n N NA N

N f f f f f f
n N NA N

σ σ

σ σ σ

σ σ σ σ

σ σ σσ

⎛ ⎞⎛ ⎞= − + − + −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

⎛ ⎞⎛ ⎞= − + − + −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠
⎛ ⎞

= − − − + −⎜ ⎟
⎝ ⎠

⎡ ⎤ ⎡
= − − + − −⎢ ⎥ ⎢

⎣ ⎦ ⎣

JGV P J I P

J P J I P

J J P P

J *
Ak

⎛ ⎞⎤
⎜ ⎟⎥

⎦⎝ ⎠
P

 

( ) ( ) ( )

( ) ( )

2 2 2
2 2 *

,

2 2 2
2 2 *

1 1

11 1 1

S S S
j I II j j A A A j

S S S
A

N f f f f f f k
n N NA N

N f f f f f f k
n N NA N A

σ σ σσ

σ σ σσ

⎛ ⎞⎛ ⎞⎡ ⎤ ⎡ ⎤
′ ′= − − + − −⎜ ⎟⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠⎝ ⎠

⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎛ ⎞= − − + − − −⎜ ⎟⎜ ⎟⎢ ⎥ ⎢ ⎥
⎝ ⎠⎣ ⎦ ⎣ ⎦⎝ ⎠

e GV e e J P e

[ ] ( )
2

2 21S
II A A A Af f f

N
σ σ= − + −V I J P  

( ) [ ] ( )

[ ] ( )

2
2 2

2
2 2

1

11 1 1

S
j II j j A A A A j

S
A

f f f
N

f f f
N A

σ σ

σ σ

⎛ ⎞
′ ′= − + −⎜ ⎟

⎝ ⎠

⎛ ⎞= − + − −⎜ ⎟
⎝ ⎠

e V e e I J P e
 

Hence,  
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( ) ( )

( ) ( )

( ) ( )

,

2 2
2 2 2 2 * 2 2 * *

2 2 2
2 2 *

2
2 2

ˆvar 2

1 1 11

12 1 1 1

11 1 1

j j j I I II II j

S S S A

S S S
A

S
A

P P

f f fN k f k k
n N NA N N A

N f f f f f f k
n N NA N A

f f f
N A

An

σ σ σ σ

σ σ σσ

σ σ

′ ′− = +

⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + + −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦

⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎛ ⎞− − − + − − −⎜ ⎟⎜ ⎟⎢ ⎥ ⎢ ⎥
⎝ ⎠⎣ ⎦ ⎣ ⎦⎝ ⎠

⎛ ⎞+ − + − −⎜ ⎟
⎝ ⎠

=

e GV G - GV V e

( ) ( )
( )

( ) ( )
( )

2 2 4

2 2

2 2 2

2 2

S A S

A S

A S S

A S

N n N An
AnN n

An N n N An
nAN n

σ σ σ
σ σ

σ σ σ
σ σ

− + −

+

− + −
=

+

 

(2) MSE for ANOVA model: 
If we use the sample mean of the thj treatment ( )jIY  as a predictor for the population mean of the 

thj  treatment jP , then ( ) ( )varjI jI jMSE Y Y P= − .  
 
Refer to equation  

( ) ( )
( )

( )

( ) ( )
( )

( )

* *

11 1 1 1 1

11 1 1 1 1

1 1

1 1 1

A A A

jI j j j n j j n A j n N nAj N nA j N nA j

A A A

j j n j n A j n N nAj N nA j N nA j

Y P
n N

n N N

× −= × − = × − =

× −= × − = × − =

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− = ⊕ ⊗ − ⊕ ⊗ + ⊕ − ⊗⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= ⊕ ⊗ − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

e δ 1 0 Y e δ 1 0 1 δ 1 1 Y

e δ 1 0 δ 1 0 1 δ 1 1

( )
( )

( )

*

*

11 1 1

1 1 1A A

j j n A j n N nAj N nA jn N N × −= × − =

⎡ ⎤⎞⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′= − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎝ ⎠⎣ ⎦

Y

e δ 1 0 1 δ 1 1 Y

 

Define
( )

( )
( )11 1 1

1 1 1A A

j n A j n N nAj N nA jn N N × −= × − =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′= − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
*C δ 1 0 1 δ 1 1 , plug in IK and IIK , 

then 
1 1 1

1

I II

I II

N N
n N N

N
n

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

*C K K

K K
 

 
*

*1

jI j j

j I II

Y P

N
n

′− =

⎡ ⎤⎛ ⎞′= − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

*e C Y

e K K Y
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( ) ( )

( )

( ) ( ) ( ) ( )

( )

*

*

2
* * * *

2
2

var var

1 var 1

1 var 1 var 1 var var

1

jI j j j

j I II I II j

j I I II I I II II II j

j S A A

Y P

N N
n n

N N N
n n n

N f f
n N

σ

′′− =

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′= − − − −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′= − − − − − +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞′= − −⎜ ⎟
⎝ ⎠

* *e C Y C e

e K K Y K K e

e K Y K K Y K K Y K K Y K e

e I J [ ] ( ) [ ] ( )

( ) ( ) ( ) ( ) ( )

2 2
22 2 2 2

2 2 2
22 2 2 2 2

2 1 1 1

1 1 11 1 1 2 1 1 1 1 1 1 1

S S
A A A A A A A A A A j

S S
S A A A

Nf f f f f f f f
n N N

N f Nf f f f f f f f f
n N A n N A N A

σ σσ σ σ

σ σσ σ σ σ

⎛ ⎞⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎛ ⎞+ − − − + − + − + −⎜ ⎟⎜ ⎟ ⎢ ⎥ ⎢ ⎥⎢ ⎥⎜ ⎟⎣ ⎦ ⎝ ⎠ ⎣ ⎦ ⎣ ⎦⎝ ⎠

⎡ ⎤⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛= − − + − − − − + − − + − + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝⎣ ⎦ ⎣ ⎦

P J I P I J P e

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2 2 2
22 2 2 2 2

2 22 2
2 2 2

1 1 11 1 1 1 2 1 1 2 1 1 1 1 1 1

1 1 2 1 1 1 1 1

S S
S A A A

S S
S A

N f N N Nf f f f f f f f f
n N n A n N n A N A

N f N Nf f f f f f
n N n N N n

σ σσ σ σ σ

σ σσ σ

⎡ ⎤⎞
⎜ ⎟⎢ ⎥

⎠⎣ ⎦

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + − − − − − − − − − + − + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − − − − + − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

22 2

2
2 2 2 2 22 2 2 2 2

2 22

1 1 12 1 1 1 1 1

1 1 1 1 1 11 2 1 1 1 1 2 1 1 1 1

1 1 1 11 2 1 1 1 2 1

A A

S
S S A A A

S

N f f f
A n A A

f f f f f f f
n N N N A A A

f f f f f f
n N N N

σ σ

σσ σ σ σ σ

σ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − − − − + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + − + − + − − − − − + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎡ ⎤⎛ ⎞= − − + − + − + − − − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

( )

( )

2 2

2

2

11 1

1 1 1 1 2 2 1 1

1 1

A

S

S

f
A

ff f f
n N N N N N N

n N

σ

σ

σ

⎛ ⎞⎡ ⎤− −⎜ ⎟⎣ ⎦ ⎝ ⎠

⎡ ⎤= − − + + − + −⎢ ⎥⎣ ⎦
⎛ ⎞= −⎜ ⎟
⎝ ⎠

 
 
Another way to get the MSE of ANOVA:  
 
In order to calculate ( )sMSE Y , we need to define another model that we do not permute the 

treatment. Then the model turns out to be N A A Nμ′ ′ ′= + + +Y U1 1 U 1 U1β τ Ε . Then,  

N A A Nμ′ ′ ′= + + +Y 1 1 B1 1 τ Ε  
 

( ) ( )U U N A A N

N A N N A

N A N

E E

N

μ

μ

μ

′ ′ ′= + + +

′ ′ ′= +

′ ′= +

Y 1 1 B1 1

1 1 1 J 1

1 1 1

τ Ε

1
τ + β

τ

 

 
( ) ( )

[ ]( )
N A A N

N A N A

vec vec

vec

μ

μ

′ ′ ′= + + +

′ ′ ′= +

Y 1 1 U 1 1 Uε

1 1 1 U 1 ε

β τ

τ + β +
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( ) [ ]( )
[ ]( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

var

var

1
1

1
1

N A N A

A

A N U A N

A N N N A N

A N A N

var vec vec

vec

Var vec

N

N

μ⎡ ⎤′ ′ ′= +⎡ ⎤⎣ ⎦ ⎣ ⎦
⎡ ⎤′= ⎣ ⎦

′⎡ ⎤ ⎡ ⎤′ ′′ ′= + ⊗ + ⊗⎡ ⎤⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

′ ′ ′= + ⊗ ⊗ + ⊗⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦−

′ ′ ′= + + ⊗⎡ ⎤⎣ ⎦−

Y 1 1 1 U 1 ε

U 1 ε

1 ε I U 1 ε I

1 ε I P P 1 ε I

1 ε P 1 ε P

τ + β +

β +

β β

β β

β β

 

 
 
Notice that  

N N N A N A N N N

N A N

A

μ′ ′ ′= + + +
′= +

′= +

P y P 1 1 P 1 P 1 P
P 1 P
1

β τ ε
β ε

β ε
. 

Also, since NP  is idempotent, then ( ) ( )N N N N
′′ =y P y P y P P y .  Then, since 1

1 NN
′=

−
Σ y P y , 

( ) ( )1
1 A N AN

′ ′ ′= + +
−

Σ 1 P 1β ε β ε .  As a result,  

( )U|V NVar vec = ⊗⎡ ⎤⎣ ⎦Y Σ P  
 
In order to simplify the problem, we first assume 0saε = (No interaction between effect of units 
and effect of treatments. This implies the treatment effect will not change with respect to 
different unit and the unit effect will not change with respect to different treatments).  With this 
assumption we simplify the model, Σ  can be simplified as 2

S Aσ=Σ J   . Substitute 2
S Aσ=Σ J   to 

equation, then  
( ) 2

UV S A NVar vec σ= ⊗⎡ ⎤⎣ ⎦Y J P  
 
MSE for ANOVA model: 
If we use the sample mean of the s treatment ( )sIY  as a estimator for the population mean of the 

s  treatment sY , then ( ) ( )varsI sI sMSE Y Y Y= − .  
 
Refer to equation  
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( ) ( )
( )

( )

( ) ( )
( )

( )

* *

11 1 1 1 1

11 1 1 1 1

1 1

1 1 1

A A A

sI s s s n s s n A s n N nAs N nA s N nA s

A A A

s s n s n A s n N nAs N nA s N nA s

Y Y
n N

n N N

× −= × − = × − =

× −= × − = × − =

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′− = ⊕ ⊗ − ⊕ ⊗ +⊕ − ⊗⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= ⊕ ⊗ − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

e δ 1 0 Y e δ 1 0 1 δ 1 1 Y

e δ 1 0 δ 1 0 1 δ 1 1

( )
( )

( )

*

*

11 1 1

1 1 1A A

s s n A s n N nAs N nA sn N N × −= × − =

⎡ ⎤⎞⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′= − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎝ ⎠⎣ ⎦

Y

e δ 1 0 1 δ 1 1 Y

 

Define
( )

( )
( )11 1 1

1 1 1A A

s n A s n N nAs N nA sn N N × −= × − =

⎛ ⎞ ⎛ ⎞ ⎛ ⎞′ ′ ′ ′ ′ ′ ′= − ⊕ ⊗ − ⊕ − ⊗⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠
*C δ 1 0 1 δ 1 1 , plug in IK and IIK , 

then 
1 1 1

1

I II

I II

N N
n N N

N
n

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

*C K K

K K
 

 
*

*1

sI s s

s I II

Y Y

N
n

′− =

⎡ ⎤⎛ ⎞′= − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

*e C Y

e K K Y
 

( ) ( )

( )

( ) ( ) ( )

*

*

2
* * *

var var

1 var 1

1 var 2 1 var var

sI s s s

s I II I II s

s I I II I II II s

Y Y

N N
n n

N N
n n

′′− =

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′= − − − −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′ ′= − − − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

* *e C Y C e

e K K Y K K e

e K Y K K Y K K Y K e

 

( )
( )

( )
( )

( ) ( )

( )
( )

( )

* *

1 1 1 1

2

1 1 1 1

2

2 1 1 1 1

2

1 1var var

1 1

A A

I I j n j nj N nA j N nA

A A

j n S A N j nj N nA j N nA

A A
S

j n A N j nj N nA j N nA

S A

N N

N N

N
f
N

σ

σ

σ

= × − = × −

= × − = × −

= × − = × −

⎛ ⎞ ⎛ ⎞′ ′ ′ ′= ⊕ ⊗ ⊕ ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞′ ′ ′= ⊕ ⊗ ⊗ ⊕ ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞′ ′ ′= ⊕ ⊗ ⊗ ⊕ ⊗⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= −

K Y K δ 1 0 Y δ 1 0

δ 1 0 J P δ 1 0

δ 1 0 J P δ 1 0

I( )AfJ

 

 

( ) [ ]
2

*var S
II I A Af f

N
σ′ == −K Y K J I  

 

( ) [ ]
2

*var S
II II A Af f

N
σ′ = −K Y K I J  

Hence,  
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( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2
* * *

2 2 2
2

2
2

var 1 var 2 1 var var

1 2 1

11 2 1

sI s s I I II I II II s

S S
s S A A A A A A s

s S A A A A

N NY Y
n n

N f Nf f f f f
n N n N N

N f Nf f f f
n N n N

σ σσ

σ

⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′ ′ ′− = − − − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞′= − − − − − + −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞ ⎛ ⎞′= − − − − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

e K Y K K Y K K Y K e

e I J J I I J e

e I J J I ( )

( ) ( ) ( )

( )

( )

( )

2
2

2
2

2
2

2

2

1

1 11 1 2 1 1 1

11 1 2 1 1

11 1 1

11

1 1

A A s

S

S

S

S

S

f
N

N f Nf f f f f
n N n N N

N Nf f
N n n

Nf f
N n

Nf
N n

n N

σ

σ

σ

σ

σ

⎡ ⎤
−⎢ ⎥

⎢ ⎥⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞= − − − − − + −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞= − − + − +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

⎛ ⎞= − ⎜ ⎟
⎝ ⎠

⎛ ⎞= −⎜ ⎟
⎝ ⎠

I J e

 

 
This is the same as the result for ( )jIMSE Y .  
 
Comparing ( )jIMSE Y  and ( )sIMSE Y  
 

Compare ( ) ( ) ( )
( )

2 2 4

2 2
ˆvar S A S

j j
A S

An N n N An
P P

An n
σ σ σ

σ σ
− + −

− =
+

 and ( ) 2 21 1var jI j S S
N nY P

n N Nn
σ σ−⎛ ⎞− = − =⎜ ⎟

⎝ ⎠
 

( ) ( ) ( ) ( )
( ) ( )

2 2 4

22 2

2 2

2 2

ˆvar / var

1

S A S
j j jI j

SA S

A S

A S

An N n N An NnP P Y P
N nAnN n

N AnAn
N n

An A

σ σ σ
σσ σ

σ σ

σ σ

− + −
− − =

−+

−⎛ ⎞+ ⎜ ⎟−⎝ ⎠= <
+

 

 
Simplification of ˆ

jP  

( ) ( )( )*ˆ 1j jI I jI IP fY f Y k Y Y= + − + −  where ( ) 2 2
*

2 21
A S

S A

N nfk
f n

σ σ
σ σ
− −

=
− +
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( ) ( )( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( )

*

2 2

2 2

2 2

2 2

2 2 2 2

2 2 2 2

2

2 2

ˆ 1

1
1

1

1 1 1

1

j jI I jI I

A S
jI I jI I

S A

A S
jI I jI I

S A

A S A S
jI I

S A S A

A
jI

S A

P fY f Y k Y Y

N nffY f Y Y Y
f n

N n
fY f Y f Y Y

n

N n N n
f Y f Y

n n

Nn nY
N n N

σ σ
σ σ

σ σ
σ σ

σ σ σ σ
σ σ σ σ

σ
σ σ

= + − + −

⎛ ⎞− −
= + − + −⎜ ⎟

−⎝ ⎠
− −

= + − + −

⎛ ⎞⎛ ⎞ ⎛ ⎞− − − −
= + + − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

= + −

+

+

+ +

+

( )

2

2 2

2 2

2 2 2 2

2

2 2

1

A
I

S A

A A
jI I

S A S A

A
I jI I

S A

N Y
n

n nY Y
n n

nY Y Y
n

σ
σ σ

σ σ
σ σ σ σ

σ
σ σ

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠

= + −

+

+ +

+  
 
Evaluate the Contrast of *j jP P− :  

Target: * *
1 1

1 1N N

j j ij ij
i i

P P Y Y
N N= =

− = −∑ ∑  

Collapsing: 
( )

*

* 1
II

IIII

f
f

⎛ ⎞⎛ ⎞
= ⎜ ⎟⎜ ⎟ −⎝ ⎠ ⎝ ⎠

YY
YY

 

We know
*

* 1
I

UV A
II

f
E

f
μ

⎡ ⎤⎛ ⎞ ⎛ ⎞
= ⊗⎜ ⎟ ⎢ ⎥⎜ ⎟−⎝ ⎠⎝ ⎠ ⎣ ⎦

Y
1

Y
 and ,

,

I I II

I II II

⎛ ⎞
⎜ ⎟′⎝ ⎠

V V
V V

   

Now ( ) ( )* *I II j j j j′ ′ ′ ′ ′ ′= − −g g e e e e , I Af=X 1   (17) and ( )1II Af= −X 1 (18).  

To evaluate the predictor, we find note 1
I
−V  first.  

Since we know:  

( )

( )

2 2 2

2 2 2

2 22 2
2 2 2

1

I S A A A A

S A A A A A

SA
S A A A

f f f
N
f f f
N A

fff f
N A N

σ σ

σ σ

σσσ σ

= − +

⎛ ⎞= − + −⎜ ⎟
⎝ ⎠

⎛ ⎞⎛ ⎞= − +⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

V I J P

I J I J

+ I J

 

Define 2 2 2
S A

fa f
N
σ σ⎛ ⎞= ⎜ ⎟

⎝ ⎠
+  and 

2 22 2
SA ffb

A N
σσ⎛ ⎞

= +⎜ ⎟
⎝ ⎠

, plug in IV , then  
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I A A

A A

a b
ba
a

= −

⎛ ⎞= −⎜ ⎟
⎝ ⎠

V I J

I J
 

Hence,  

1 1

2

1

1

I A A

A A

a a A
b
b

a a Aab

− −

⎛ ⎞
⎜ ⎟

= +⎜ ⎟
⎜ ⎟−
⎝ ⎠

= +
−

V I J

I J

  (19)   

 
Other terms simplify:  
Using (12) and (14),  

( )
( )

1
1 1 *

1

2 2

12 2

ˆ

1 1

1

I I I I I I

A A A A A A A I

A I

A I

I

b bf f f f
a a Aab a a Aab

Af f
a Ab a Ab

A
Y

α
−

− −

−

−

′ ′=

⎡ ⎤⎛ ⎞ ⎛ ⎞′ ′= + +⎜ ⎟ ⎜ ⎟⎢ ⎥− −⎝ ⎠ ⎝ ⎠⎣ ⎦

⎛ ⎞
′= ⎜ ⎟− −⎝ ⎠

′=

=

X V X X V Y

1 I J 1 1 I J Y

1 Y

1 Y

 (20) 

where IY  is the overall sample mean.  
 
Next we simplify the term 1

,II I I
−V V . We know:  

 

[ ] ( )

[ ] ( )

( ) ( )

2
2

,

2
2

22 2 2
2

1

11

1
1

S
I II A A A A

S
A A A A A

AS S
A A A

f f f f
N

f f f f
N A

f fff f f
N N A

σ σ

σ σ

σσ σσ

= − + −

⎛ ⎞= − + − −⎜ ⎟
⎝ ⎠

⎛ ⎞−⎛ ⎞
= − − + −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

V J I P

J I I J

I J

 

Define ( )
2

21 S
Ac f f f

N
σσ= − −  and ( ) 22 2 1 AS f ffd

N A
σσ −

= −  

Hence, ,I II A Ac d= +V I J  
Then  
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( )1 1
, , 2

2 2

2

2

1

( )

II I I I II I A A A A

A A A A

A A

A A

bc d
a a Aab

c bc d bdA
a a Aab a a Aab
c bc d a Ab bdA
a a Aab

c bc ad
a a Aab

− − ⎛ ⎞′′= = + +⎜ ⎟−⎝ ⎠
⎛ ⎞= + + +⎜ ⎟− −⎝ ⎠
⎡ + − + ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦
⎡ + ⎤⎛ ⎞= + ⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦

V V V V I J I J

I J J J

I J

I J

 (21). 

Using (13), (15) and (16),  
( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

* 1 *
* ,

* *
* * 2

* 2

*

ˆ ˆ ˆ ˆ

1

1

1

j j I I II II II I I I I

j j I j j I A A A I I A

jI j I j I A A A I I A

j I A

P P

c bc adf Y fY
a a Aab

c bc adf Y Y f Y f fY
a a Aab

f Y

α α−′ ′ ⎡ ⎤+ + −⎣ ⎦
⎡ ⎤⎡ + ⎤⎛ ⎞′ ′ ′ ′= − + − − + + −⎢ ⎥⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎣ ⎦

⎡ ⎤⎡ + ⎤⎛ ⎞′= − + − + + −⎢ ⎥⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎣ ⎦

′− −

g Y g X V V Y X

e e Y e e 1 I J Y 1

e 1 I J Y 1

e 1

− =

( )

( ) ( ) ( )

( ) ( )
( ) ( )( )

*
2

* 2

* 2

* *

1

1

A A I I A

jI j I I j A I I A

I j A I I A

jI j I j j I I A

jI

c bc ad fY
a a Aab

c bc adf Y Y f Y f fY
a a Aab

c bc adf Y f fY
a a Aab
cf Y Y f fY
a

f Y

⎡ ⎤⎡ + ⎤⎛ ⎞+ + −⎢ ⎥⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎣ ⎦
⎛ ⎞⎡ + ⎤⎛ ⎞′ ′= − + − + + −⎜ ⎟⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎝ ⎠

⎛ ⎞⎡ + ⎤⎛ ⎞′ ′− − + + −⎜ ⎟⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦⎝ ⎠

′ ′= − + − −

=

I J Y 1

e 1 Y 1

e 1 Y 1

e e Y 1

( ) ( )

( )

* *

*1

j I jI j I

jI j I

cY f Y Y
a

cf Y Y
a

− + −

⎛ ⎞= + −⎜ ⎟
⎝ ⎠

 

Since  ( ) 2 2

2 2
A S

S A

N nc
a n

σ σ
σ σ
− −

=
+

 , hence 
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( )
( ) ( )

( )

( )

* *

2 2

*2 2

2

*2 2

2

*2 2

ˆ ˆ 1

1

j j jI j I

A S
jI j I

S A

A
jI j I

S A

A
jI j I

S A

cP P f Y Y
a

N n
f Y Y

n

Nn Y Y
N n

n Y Y
n

σ σ
σ σ

σ
σ σ

σ
σ σ

⎛ ⎞= + −⎜ ⎟
⎝ ⎠
⎛ ⎞− −

= + −⎜ ⎟
⎝ ⎠
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

= −

+

+

+

−

 

 


