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Simple Random Sampling with Measurement Error
Ed Stanek

1. FINITE POPULATION

Frames
Labels
Expected Response
Response

Notation and terminology
Expected Response: 'y, s=1...,N
Response: Yy =Y, + W, k=1,..,r, index of order of measure

S
Assumptions:
R Subscript representing expectation with respect to replication.

Ex(W,)=0 forall s=1..,N, k=1..r,.
varg (Wy ) =0 forall s=1..,N, k=1..,r,.
varg (W, \W,.,.)=0 forall s=1,..,N;s*=1..,N; k=1..,r;k*(#k)=1..r.
Parameters:

1 N
2

—iN —v — — ) z_i 2
'u_N;yS’ﬂs_ys Hs O-_N_ls:1(ys /u)’o-e_Nzo-se'

Additional notation:
Define U, =(U,, U, - U,),
v=(% Y. = W)
YR:((Ysk)):(Ylk Yo YNk)l W:((Wsk)):(wlk Wy, - WNk)’ and
U=((U))=(u, U, - Uy).

2. SIMPLIFICATIONS

Assume r, =1 forall s=1,...,N sothat k =1. (1 measure of response)

Iy _ 2
Note: If k =1,...,r,, we could define Y, :iZYSk and var(Ysl):& so that
s k=1 rs

I _ _ 2
Y, =y, +E, where E :iz Ey . E(E,)=0and var(E,)= Ise . Thus, with suitable
r

= r.
s k=1 S
definitions, the model we discuss is more general.

3. PERMUTATION

Assume the subjects are permuted. There are two possibilities for representing the
permutations plus error.
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Y, =Uj(y+W) represents measurement error on a subject

Y, = Uy +W, represents interviewer error associated with position i
N

W, = zUisWsk or Wik = U;W
s=1

We only discuss measurement error.

Also, define
Y=((%))=vy
W =((wy))=uw
Y :((Yi:)) “Y+W

Y :vec((y+w)’ U’) _ (IN ®(y+W)')vec(U’)
4. DEFINE THE EXPANDED MODEL

Let Yy =U.Y, =U. (Y, +W,)=Y, +W,,.
Define

- N

Yi =((__BlysjUi

- N

W :((J_alwsiji

e e N ,
Y, :Yi"'vvi:(s@_l(Ys"‘Wsk)jUi:(Uil(yl"'wlk) Uiz(y2+W2k) UiN(yN +WNk))

Define the expanded random variables as

UllYlk UZlYlk U NlYlk
i*{* — vec U12.Y2k U22.Y2k U N?sz

UlNYNk UZNYNk UNNYNk
S"{*:vec(Yl* Y, - Y)

Y = [IN ®(§I_>_l(ys +W,, )ﬂvec(U’)

5. EXPECTED VALUE AND VARIANCE

Denote expected value with respect to sampling via a subscript £, and expected value
with respect to measurement error via a subscript R.
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Expected Value:

Eq.(Y7)=Y and

1 N N
var( ) P, ® A where A_N—(@yS]PN(@)ys).

1\ s=1 s=1
As a result,
var, [ERM (?)} =P, ®A.

Also,
varng(]"(*):varmf [vec(?* Y, - “N)J
varRlé(Y*) coleé(Y{f,?z’*) covR|§(§* ",;*)
_ colef(Yz,Yl’) varng(Y{;) coleﬁ(Y{* “,;*) :
coleé(?N Y] ) coleé(?N Y, ) varRlé(S? )
Now )
varg. (?) varg. (Ull(yl +W1k) Uuz(yz +W2k) (yN +WNk))}
I Wlk
= Valy, (éu,s) W:Zk
L Wi
N
=®U, 02
s=1
while coleé(Y ) . Asaresult, varng(?*):IN ®(®U,sasej and

s=1

E. [varng (?)] :%IN ®((% afej. Using this result,
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e 1 N
varéR(Y):WIN(@ Doy, |+P, ®A.

6. COLLAPSING THE EXPANDED RANDOM VARIABLES

Linear combinations of the expanded random variables correspond to constants and random
variables that are commonly used.

a. Collapsingto Y;: LY = Y, where L=1, ®1I,, (population frame with measurement error)
b. Collapsingto Y": LY =Y" where L=1, ®1, (usual random variables)

. . A - (Y 1 0
c. Collapsing to sample and remainder totals ( '*]: LY :( '*J where L =(0? r“‘”j@l’N
1 1 n N-n
n N
where Y =), and Y, = DY, .
i=1 i=n+1
- - Y_|* bl Y_|*
d. Collapsing to sample and remainder means | _, |: LY =| _ | where

1 ’ ’
_ln 0N—n
L=— @1 and Y, ==>Y, and Y/ =—— >V, .
N ' 1 ' n i=1 N-n i=n+1
On 1 f 1N—n

. N
e. Collapsing to weighted population frame: Y,;: LY =Y, where L =1 ®((J_Blwsj where

N
ZWS :1’ YWR = ((szk )) and szk = WsYsk )
s=1
f. Collapsing to weighted population random variables: Y,: LY =Y, where L=1, @w’

where w=((w,))=(w, w, - wy), ZN:WS =1, Y, :((Yv:ik)) and Y, :ZN:UiSszk.
s=1 s=1

*

: : : Y, oo [ Yo
g. Collapsing to weighted sample and remainder totals (YWI J: LY = (ij' ] where
|

wi wil

N

1 0 ’ ) *
R T LTRSS ()

Yv;l =in:ik and Yv:u = i Yv:ik :
i=1

i=n+1
7. PARTITIONING INTO THE SAMPLE AND REMAINDER

R, Y ory, canbe
partitioned into a sample and a remainder (collapsing a-g in Section 6) by partitioning

Collapsed random variables that are a linear combination of Y, Y,
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L, . (LY (Y . _
L= . In general, we represent the resultas LY = .. |= v | Using properties of
1

o Y ) (Y Y ) (X
Y ,weevaluate E;| | |= and E| . |= o (where a represents some
YII 1 YII 1
Y ) (Vi Vi . . . -
parameters) and var,, v =l - . We illustrate this for collapsing a-g in Section 6. In
1 1,1 1

evaluating these expressions, we use E., (Y) = {%(IN ®I, )}y and

1 N
var,, (Y ):WIN ®| @0, |+ P, ®A.
; : Yy _ _ '

a. Collapsing to the population frame where Y, =((Yy))=(Yy Ys - Yq) and
RI
, . 1,1, 97)

Yo :((Ysk)):(Y(n+1)k Y(M)k YNk): L=1, ®I, and (LI j= _______________

el 1]

n |
(In 0 ) @oi1 0
RI| mxN-n R [t B _
Then E,, = y and var = Ty
RII ( 0 I ) RII 0 ' ® o2
(N=n)xn N-n :s=n+1 se

(1.0 )@1;q
= (v ) =y - “\.op PO TR O L S
YII_((Yik))_<Y(n+1)k Yoy " YNk)' L=I,®1; an [L,,j_ 01 o1 |
(N=n)xn N-n N
1 | 1
Y, 1 T A | TN 1o
Then, EgR[ LJ:[I—"—Jy and var§R£ Lj: —y T I 02+[T;]—i-i——Jo'§
Y, N-n Y, -=J :IN -—J, | *N-n
N (N-n)xn : -n N -n

where 1 A1, =o”. Hence V, :In(a2 +O':)—%Jna :

Argentina2007-lec2.doc 2/1/2007 5:03 PM 5



Simple Random Sampling with Measurement Error 4-6

|
*

1, 0. L (1, 0)_,)®1, Y f
L= " "“|®1, and| ' |=|+----=7 ne___Z . Then E..| ' |=N|—-=|x and
(o; I'NJ " U {(0; I,,)®l, “lve) a1

YI* 11-1 ) fl o )
var,, (Y*J:Nf (1_f)(:IT_]__ o +N 6—:—1—_—? o, .

i=1 i=n+1

- - Y* * u * * N *
c. Collapsing to sample and remainder totals [Y J where Y, ZZYik and Y, = Z Y,

Vi

. . Y, — L — N
d. Collapsing to sample and remainder means (_'* where Y, :EZYik and Y, -1 ZYik ;
I n i=1 —-N i=n+1
L Sl o, e,
1 f n N-n LI N f
L:W 1 ®1) and T N —|. Then
0’ 1! 1 -~ 0! lr ®1!
n l—f N-n N( n 1_1; N—nj N
. i
A 1 Y’ 1-f P—f(1-f f
()< (M) and var (7)o [t orao ) T
Y, 1 Y, n(l—f) —f(l—f): f N 0| 1
i 1-f
. . - YWRI
e. Collapsing to weighted population frame: where
wRII
YwRI :((szk)):(lek szk Ywnk) and YwRII :((szk)):(Yw(n+1)k Yw(n+2)k Yka):
1, ®[@ws 0 j
N L s=1 nxN-n
L=1, ®(®le) where( 'j: e < |. Then
: L 1’N®( 0 @ wsj
(N=-n)xn  s=n+1
((@W5 0 j
Yo |_| A2 ___ ™) 0y, _ _ '
Bl |= ; where y, =((Y,))=(%. ¥, - ¥,) and
WRII ( 0 @ Ws] Yu
(N=n)xn  s=n+1
n |
Y owo. 1 0
' w s= | nxN-n
Yu =((y5))=(yn+l Yoo yN) . Also, varl,.g (Y b ]2 . TN T
WRII 0 I ® Wo
(N=n)xn :s:n+l s e
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f. Collapsing to weighted population random variables: [;{W' j where
wil
Y\;I = ((Y\;ik )) = (Y\;lk Yv:2k Y\;nk )’ and Y\;u = ((Yv:ik )) = (Yv:(ml)k Y\;(n+2)k Yv:Nk ), :

L Y, 1
L=1,Qw Where( 'j: ““““““““ . Then EgR[ Y'j:[ " ij where we
LII ((N 0 IN—nj®W’ YWII 1N—n

1 N
define y, :NZWSyS. Also,
s=1
|
. In—iJn — I !0
var [lej_ _ N b NNem o + __rl__:_"i'iﬂ o2
¢R s - | w 0 | we
YW” _i J : IN—n_ L JN—n (N-n)xn : .
N (N-n)xn :
N 1 N
where o2 = w'Aw or o’ =—1Z(WsyS —u,)  and o2, == wio? Ww'(@lase)w
T L=l s=1 5=

*

- - - Y * n *
g. Collapsing to weighted sample and remainder totals [ u j where Y, :ZYWik and
i=1

wil

i=n+1

Y, f Y, 111 fl 0
E.l "™ |=N and var,| ¥ |=Nf (1-f)|—-1-= |62+ N| =7 |0,
- (Yv:”] (1_ fjﬂw - (Y\;n] ( )(_ : 1) 0 : -1 )

10. TARGET PARAMETERS, RANDOM VARIABLES, AND TERMINOLOGY

R IV PR £ LR L[ 0, )®w
You = D Yo - L_[O'n I,N_J@)w where (L,,j_{(ﬂ i )ow | Then

We assume that there is an interest in a ‘target’ that can be defined as a linear
combination of the expected value (over measurement error) of the collapsed random variables.
We use the sample data to estimate/predict the target.

If the target is a fixed constant, then we use the sample data to “estimate” the target.

If the target is a random variable, then we use the sample data to “predict” the target.

We only consider inference for a single ‘target’ (not joint targets).

*

|
*

. - (Y
We represent collapsed random variables by LY :E
1

Y,
J. We define a “target’ as P = g’[Y' j
1
)

Y Y . ,
where ER[ ]:( ! j and partition g representing g'=(g| g}, ) sothat P=g|Y, +g,Y,.
1l
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Vi

. : Y
Example: Suppose we collapse random variables to sample and remainder means (_'* where
1

Y (Y

Eq (?) = [_' J Assume we are interested in the target P = x, a fixed constant. Since
I} 1

P=1fV,+(1-f)Y,, g'=(f (1-f))where g, =f and g, =1-f.

11. DEVELOPING THE BEST LINEAR UNBIASED PREDICTOR (BLUP)

We define the BLUP of P as P, where P satisfies the following criteria (see Royall,
1976):

Linear in the sample: P =(g| +a')Y,
Unbiased: EgR(P—P)zo

Minimum MSE: vargR(Is— P) Is minimized.

In order to develop the BLUP of P, we first present expressions for P-P and its
variance. First, note that

YI
P—P:((g]+a'):—g] :_g,u) _YI_
YII
YI VI VI 1
We represent var, = " |. Then
YII VII,I VII
_Yi VI* VI VI,II
var,, }{,_ =V, V,_ V,
YII VII,I VII,I VII
Let us define V, =V, +V,,. Then
Y Oy v 110V*'00
| 1,1
vare| Y, |=|1 0 ( j+000
—— Vi, VyJl0 01
Y, 01 0 00

The Unbiased Constraint:

A X
We can expand the unbiased constraint: E(P - P) =(a' -g )(XI ]a, such that

E(I3 — P) =(a'’X, —¢g},X,, )a. Inorder for this expression to equal zero for any value of a, the
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unbiased constraint will be always be satisfied when a’X, —g;, X,, =0. This is introduced as a
constraint using Lagrangian multipliers when minimizing the MSE.

Finding the Minimum MSE:

Notice that
) Vi Vi Vi) g+a
Val’fR(P—P):((g; +a’) : -g| : _g;I) \7 V. Vi, & | or
Vi Vi 0 2
A V, V a .
var., (P— P):(a' -8\ ){VHII ‘;“" j[—g“ j+(g] +2') Vg (g, +a).

Expanding this expression, var(lf> — P) =a'V/ia+ 2(g',V;, -2, Vi, )a +g'\V,g, +8 Vag, -
Including the constraint via a Lagrangian multiplier, we seek to find the value of a that will
minimize
f(a,h)=a'Vja+ 2(g’,V;, -2, Vi, )a+ 2(a'’X, —g, X, )M
+g, Vg +g;V;,g,
Differentiating with respect to a and A,

M: 2Vfa+2(v;g, -V, &, )+2X|x and
oa '
of (a, A , ,
(8—7\.): 2(X|a—X“g,, )

To find the value of a that minimizes f (a,x) , We set these derivatives to zero simultaneously,
and solve for a. The estimating equations are given by
of (a,4)

l oa :(V.* X|j[{‘]_£_v;gl+V|,||g||j:(0nj
2| of (ﬁ,i) X, 0 )(x X, g, 0

Oh

V., X \(a V"
or equivalently, by | ' [ J:[ VRIgI’+V|,||g||]'
X, 0 X g,

To solve this equation for a, we make use of results on the inverse of a partitioned

_ A!'B ., [AT+A'BQ'CAT | -ATBQ™
matrix X = E—i—ﬁ ,suchthat X =| ——=--<~5---5---- T"bj__ where

>

Q=D-CA'B. Asaresult,
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!

-1 | -1
Vl* X, . Vl*il_Vl*ilxl (XI’VI*ilXI) X|'V|t1 : V.*flxu (Xllvltlxl)
0

1
X, (X,'V,*’lX, ) X,V

-1 -1
a :|:VI T-ViITX, (XI Vi7X, ) XV, 1}(_VRIgI +V.8 )+V| X, (XI Vi7X, ) X8 -
We can now express the best linear unbiased predictor. Recall thatP =g,'Y, +g,'Y,,,
and we predict P by P :(g’I +a’)Y,*, where the best predictor replaces a by a. Let us define
-1
é :(X,’V,*-lx, ) X,'VY". Then
-1 -1
a'y, =(_g;VRI +2 Vi )|:V| Y -VUX, (XI v _1X|) X'V, j|+g,IIXII (XI \{ _1X|) XV,
= _g,I V;I Vl*_l(Yl* _Xl&)+g’|| [Xu& +V||,|V|*_l (YI* _XI&):|
As a result, the best linear unbiased predictor is given by
P= glr |:YI* _V;IVI’Ll(Yr _XI&):|+g;I [XII&-’_VII,IVI’Ll(YI* _XI&):| :

We can express the predictor in a slightly different manner by substituting Vo, =V, -V,
resulting in

A

P=g/|X,a+V,V (Y -X,@)[+g, [ X,a+V, V] (¥ -X,4)].

Example 1.
N
Target: u= %ZYi
i=1

Collapsing: LY  =Y" (usual random variables)

1. 1
. L-=J | -= J
e[ ¥ ][ p and [ Y V"”j— SN Nt o? and
Y, I, Vin Vi 1 J i I _iJ
N (N-n)xn : N-n N N-n
* 2 2 0-2 ’ ’ 1 ’ 1 ’ h h H
Vv, =(0%+0?) In—mJn . Now (g, g))= 1 7y oo [0 that the unbiased

constraint simplifiesto a'l, =1— f . To evaluate the predictor, we note that

-1
(R+su')‘1=R*l—(1+u'R*1s)*1R*lsu'R*l. As a special case, (In—%Jnj :I"+N1 J. . As
-Nn

a result,
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vV, = !

-2 2
o +o,

1 o’
= I + J.
o’ +o? (02+0'62)N—n0'2 J

. 1 o’
V= I+ J |
! O'2+O'e2{ " (02+aj)N—n02 n]

Other terms simplify such that

-1 n .
&:(Xlrvl*ilxl) Xlrvl*lYl*:%zYi*:Y| ;
=
2 2
vvit=—72 zh—i%JL+ > J,
o’ +o, N (0'2"‘0':)'\'_”02
2 2
1 1-f)No 1
- 20- 7 et P 2( 2) 2y Un
o’ +o, N (0' +O'e)N—nO' N
o’ ~0’N-o’N +nc? +No? —-no? 1
=———| I, + - > —J,
o’ +o, (0' +O'e)N—nO' N
2 2
o -0
= I+ . J
o’ +o?’ (02+J§)N—n62 nJ
and
. 1 o’ o’
ViV == L0 1+ J
I, "1 02+062 N-n"n n (O'2+062)N—n02 n}
1 o’ no’
- =% 1, 1|1+
No?+o2 """ (02+092)Nn0'2J
1 o (O'2+G:)N L1
"~ Nlo?+0o? (02+062)N—n02 e
2
—T7 20- 21N—hl:1
(0' +O'e)N—nO'
2
sothat Y, —X,@ =P,Y, . Using these terms, V,V,*P, =——2—P, and V, ,V/"'P, =0. Asa
o +0o, '

result,
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[Xa+VV-1Y -X,@) [+ g [ Xy@+ v, V(Y -X4) |

{x&

r
n n I

~P Y, }g,, [X,a]

"4 o’ PY} ItrN_nlN_n\?,*

ZlH

O'+O'

*

<

Example 2.
Target: p = fY, +(1- )Y,

T

V,* =ﬂaz +iaez.
n fn

Now (g g,)=(f (1- f)) so that the unbiased constraint simplifiesto a=1—f . There is

no other choice for a that will be unbiased, so we set a=1- f . As a result, the BLUP is given

by
)

P=(g
(-7
Y,

Example 3.
Target: Y,

Collapsing: LY =Y~ (usual random variables)

1 | 1
. I,——J, -—— J
Y, 1, Vi Vi N | N nx(N-n) )
E| . |=|7 |« and =| =5 - S — |o” and
Y, 1N n V||,| Vi _ 1 ! 1
! -
|

B _(N—Jn)xn IN—n__JN n
O_2
* 2 2
VI :(O' +O_e) In —m‘]n .
Now (g, g )=(e, e} ),wheree isan N x1 vector with element i equal to one, and all

other elements equal to zero, partitioned to conform. The unbiased constraint simplifies to
a'l =e 1, . Using the simplifications from Example 1,
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>

=g|’ :Xl&"'VlVltl(Yl*_Xl&)]"'g,u [XII&*_VII,IVI*&(YI*_XI&)}

2
=g X|0H'O_ +O_ez PY, :|+g;I [Xu&]

2

=8 lnY_I +—2PnY|*}+g,|| I:IN—nY_I*:|

Thus, when i<n, P=Y"+—2

o (Y"-¥). Wheni>n, P=Y/.
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