The RP Model for Finite Population- Basic Ideas

Basic Ideas and the Random Permutation (RP) model for sampling from a finite
population.

Ed Stanek
1. FINITE POPUTION- BASICS

Frames

Labels, Response

Notation and terminology
Response: 'y,

Potentially Observable Response (Experiments): vy,

Parameters:
B NV SRR T o (RN
,Ll N = s ! S S ,Ll, N _1 = S ,Ll

Notation and terminology (Potentially Observable)
Expansions
Multi-level (clusters, units)
Measurement Error (replication)
Treatments (conditions)
Multiple Variables (Relationships)
Missing Response

2. GENERAL PROBLEM OF INFERENCE

Objective: Guess a target parameter or realized random variable (or a set) in a population.

Design Based
Observe: Response for part of the population (a sample)

Strategy:
Use assumptions about the sample to define the 1% and 2" moments of random
variables for the population.
Express the ‘target’ as a linear function of sample and other terms.
Define a predictor (of the other terms) as a linear function of the sample
Require the predictor to be unbiased (unconditionally)
Require the predictor to have minimum MSE (unconditionally)

Model Based
Strategy:
Assume a distribution of random variables (or moments of a superpopulation).
Determine properties of estimators.
Derive optimal estimators
Observe data (realizations of random variables in estimator)
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Bayesian Framework
Prior distribution- distribution (i.e. define 1% and 2" moments, and likelihood) of
the random variables)
Observed data (define the sample observed data)
Posterior distribution- develop the posterior distribution conditional on the
sample.

3. REVIEW OF BASIC STATISTICS

Constant: lower case Latin letters, i.e. y, where s is a label identifying subject

Labels: identifier for a physical unit in a population
Random variable: upper case Latin letters, i.e. Y, where i identifies the position of a

random variable in a sequence (or a set if exchangeable).

Expected Value (notation): E ZP Y, = ys)ys

Variance (notation): var (Y, ZP Yi=Y,) ( E(Y ))2

Covariance: cov Y,,Y,* Z Y :ys;Yi*:ys*)(ys_ ( ))(ys,,— ( -))

Variance matrix: var Y = var(Yl) COV(Ysz)
,) leov(Y,Y,) var(Y,)

Linear combinations of Random Variables:

T =ayY,+bY, =(a b)[zj
E(T)=(a b)EGj,

var(T)=(a b)var@j@]

4. REPRESENTING A SAMPLE, RANDOM VARIABLES FOR SIMPLE RANDOM
SAMPING (WITHOUT REPLACEMENT)

Permutation —
Position- (differs from label)
Indicator random variable for selection of unit in position U, .

N
Representing the unit in position i: S, = ZUiss

s=1

N
Representing random variable in position i: Y, = Zuisys
s=1
Sample and Remainder
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Define the sample as the first part of a permutation
Sample: i=1,...,n
Remainder: i=n+1,...,N

Sampling fraction: f =%

Expected value and variance of U, .

E(Uis):%; var(UiS):%(l_%j;

Covariances of U, with U,... forall i and s
When s=s*, E(UU,.)=0

When i=i*, E(UU,,)=0

is™i*s

s i*s*

When s=s* and i #i*, E(UU..)=

N(N-1)

When s #s*, COV(Uis’Uis*):_W
When i =i*, cov(U Ui*s)=—Ni

is? 2

When s=s* and i #i*, COV(Uis'Uis*):m

5. USING VECTORS AND MATRICES TO SIMPLIFY REPRESENTATION OF RANDOM
VARIABLES FOR A RANDOM PERMUTATION

Basic notation- bold, column vectors:
1 0 -0 1

01 -0 1

Ia: . . ! a: !
00 -1 1
1
1
J=11=, 7 . :
11 .1
Pa:Ia_lJN
a
Define:
Indicator Random Variables: U, =(U, U,, - Uy,),
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!

Population Parameters: y:(y1 Y, =+ Yy) »and
U=((U))=(u, U, - Uy).
Properties:
1
E(Ui):WIN;
1 1 1
var(Ui):WPN or var(Ui):m(PN _WPNJ'

cov(U;,U,.) :ﬁ(—%PN) when i=i*.

We use these results to develop expressions for the expected value and variance of random
variables such as Y = Uy.

6. EXPECTED VALUE OF U AND VARIANCE OF VeC(U)

Additional matrix algebra notation:

Let A=(A, A, -+ Ay)where A, =(q, a, - a)
Al
A '

vec(A)=| " |=(A] A; - A})
A

N
vec(ABC)=(C'®A)vec(B)

a,B a,B a.B
Kronecker product A®B=| a,B a,B a,B|,and
a3lB a31B aBlB

A, 0 - 0
) N A, - 0
Direct sums @Ai = S .
0 0 A,

Re-express Y
Y =vec(Y') or

Y =vec(y'U’) or
Y =(I, ®y')vec(U’)

Express E[vec(U')] and var[vec(U')]
E[vec(U')|=E[vec(U, U, - Uy)]. Then
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E[vec(U")|= %IN ®1, ,and
1

var| vec(U’) | =P ®Py since
Ul
U
var|[vec(U") |=var| ?
UN
I PN 0N 0N l)N PN PN
_L ON l)N 0N _i PN PN PN
N-1 : N :
_ON 0, P, Py, Py Py
1 [ 1
"N WJN}MN

7. DEFINE THE EXPANDED MODEL i.e. Y, =U.y,.
(Note: Notation differs from that of Stanek, Singer, and Lencina (2004))
- N '
Dﬁm\%{@m}%#%m_%ﬁz Ui Yy )
Define the expanded random variables as
U11Y1 U21y1 Ulel
or

Y =vec

Upy, UxnY,

LJ2N yN

UN2y2

UNN yN

UlN yN

= 1 N N
var(Y):PN ® A where A:m(@{ysjPN (@lys].

8. COLLAPSING THE EXPANDED RANDOM VARIABLES

Linear combinations of the expanded random variables correspond to constants and
random variables that are commonly used. We represent collapsed random variables via
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expressions of the form: LY =(A®B)Y . To understand the collapsed set of random
variables, it is often helpful to visualize the equivalent expression:

U11Y1 U21y1 Ulel
LszeC B Ul?yZ Uz?yz UN.2y2 Al
UlNyN U2NyN UNNyN

a. Collapsingto y: LY =y where L =1, ®I, (population frame)

b. Collapsingto Y: LY =Y where L=1I, ®1} (usual random variables)

_ _ Y . (Y 10,
c. Collapsing to sample and remainder totals [YI J: LYz[Y' j where L =[0' N j@l'N
1 1 n

N-n

where Y, ZY and Y, = ZY

i=n+1

: : Y, - (Y,
d. Collapsing to sample and remainder means (_' j . LY :(\7 j where
1 1
o0,
1| f , 1
L=— ®1) and Y, = ZY and Y, =—— > Y,.
N 0[ l 1[ i=1 N _n i=n+1
n 1 f N-n

- N
e. Collapsing to weighted population frame: y ,: LY =y, where L =1} ®(@1ij where

N
Zws :1’ Yu :((yws)) and yws :Wsys'
s=1

f. Collapsing to weighted population random variables: Y,,: LY = Y, where L=1, ®w'

Where W=((Ws))=(wl W2 WN )’, ZN:WS :l, YW :( ) and Y ZU,SYWS .
s=1

Y - (Y
g. Collapsing to weighted sample and remainder totals [YWI j: LY =( " j where
wil

wil

Argentina2007-lecl.doc 2/1/2007 5:02 PM 6

2-6



The RP Model for Finite Population- Basic Ideas 2-7

0o .
Ly o wnerew=((e))=( w - i) B %, =((%)

\ﬂNi:: :?:LJisVVSys’ \ﬂNI =::§:\ﬂNi af]d \ﬂNH = :?: \Qm '
s=1 i=1

i=n+1

Sufficiency: It is valuable to consider whether or not a collapsed set of random variables is
sufficient for a linear combination of Y . If it is sufficient, we can develop inference based on

LY that will be optimal. Otherwise, the inference based solely on LY will not be optimal.
Sufficiency has been discussed only with respect to linear combinations of Y (Stanek
and Singer, 2004, referring to Rao and Bellhouse, 1978, Theorem 1.1). Briefly, express

1,®1, =1, ®P, +%(IN ®1,)(I, ®1,).
Then Y = (I, ®PN)§?+%(IN ®1,)Y where LY =Y and L=1I, ®1},. We have claimed

(see Stanek, Singer and Lencina (2004)) that Y is sufficient since (I, ® P, ) and %(IN ®1y)

are orthogonal, and the expected value of (IN ®P, )Y( is zero (see Rao and Bellhouse, 1978,

Theorem 1.1). In other documents in this report, we investigate this theorem in the context of
measurement error, and in two stage sampling.

9. PARTITIONING INTO THE SAMPLE AND REMAINDER
Collapsed random variables that are a linear combination of Y or Y,, can be partitioned

L
into a sample and a remainder (collapsing b-e in Section 8) by partitioning L :( ' ] . In
1

. (LY Y ) . -
general, we represent the result as LY = (LI . J = (YI J Using properties of Y, we evaluate
1] Il

YI _ XI Y| _ VI VI,II
E = vy (where y represents some parameters) and var = . We
‘{H )(H ‘ql ‘GIJ ‘GI

illustrate this for collapsing b-e in Section 8.

Y L
b. Usual random variables (YI ): L=I,®1, and [LI j= ( “““““““ where
1 1l

Y, =((Y))=(Y, Y, - Y,) and Y, =((¥)))=(Ys Yoo - Yy). Then,
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1 I 1
I,——J -—— J
Y, 1, Y, "N : N nx(N-n) ) . )
E =|-"—|x and var =| —=———-=- b — |o° where 1,Al, =0".
Y, Ly, Yy, 21 J 1 _iJ
N (N=npen 12NN TN

Y 1 0
c. Collapsing to sample and remainder totals [ ' j: L :{OT r”‘“j@l'N where
1 N-n

L) (1, 0, )®1] vy o F
(LIIJ_((O; I;v—n)®1;v]l Then E(Yu N 1-f i ane

wfypoofirde

_ -1 0,
Y f n N-n
d. Collapsing to sample and remainder means (_' j: L:i ®1}, where
Y, N o 1 Y
n 1—f N-n
i(il;, O'Nnj@n'N _
Ly _| NP ) _ Y
. Then E| _ |=| |u and
LII i ' 1 1/ ®1r 1
N n —f N-n N
Y, 1-f) 1 —f(1-f
W) L[ {ota-0)
Y,) n(dl-f) —f(l—f): f
N
e. Collapsing to the population frame (yW'J L=1 ®(@Wsj where
Y =
. 1’N®(6n91W5 0
(LIJ: ____________N____ and Where yWI ((yws)):(ywl yw2 ywn) and
I 1;, ®((N 0) _(-Dlwsj
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Y,
f. Collapsing to weighted population random variables: [ " j where
wil
le :((Ywi)):(le Yw2 Ywn) and lel =((Ywi)):(Yw(n+l) Yw(n+2) YWN) :
(I 0 )®w’

' L| MmN YWI 1n .
L=I,®w" where = . E = 4, Where we define
L, 0 I,,|®wW Yo 1.,

(N=n)xn n
1 ' 1
1 Y, Lo | TN
,uW:NZWSyS. Also, var( " ]: R }———————1———— ol Where o, =w'Aw or
- vl -— J : IN—n __JN—n
N (N-n)xn : N
l N
(w,
“N-1 15:1 Y5~ Hhy)

Y 1. 0
g. Collapsing to weighted sample and remainder totals (YWI j: L= (0? r“‘”]@w’ where
n N-n

wil

L 1 0, \ow ' N
( H()W] where w=((w,))=(w, w, - w,) and > w, =1 Then
s=1
E Yo N f and var Yo Nf (1- ) L1
= —_——— = — —_——t—— .
A 1-f ) Yo ( Bl L)%

10. TARGET PARAMETERS, RANDOM VARIABLES, AND TERMINOLOGY

We assume that there is an interest in a “target’ that can be defined as a linear

combination of the collapsed random variables. We use the sample data to estimate/predict the

target.
If the target is a fixed constant, then we use the sample data to “estimate” the target.
If the target is a random variable, then we use the sample data to “predict” the target.

We only consider inference for a single ‘target’ (not joint targets). We assume

it

. Y, Y,
We represent collapsed random variables by LY = (YI ] We define a ‘target’ as P = g'(Y' j
1 1

2-9

and partition g representing g'=(g, g}, ) sothat P=g|Y, +g,Y, . Since Y, will be realized
after selecting the sample and observing the results, the basic inference problem is prediction of
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g, Y, . Thisistrue when P is a fixed constant, and when P is a random variable. For this
reason, we use the term ‘predictor’ when discussing inference.

. : Y
Example: Suppose we collapse random variables to sample and remainder means (_' , and are
1

interested in the target P = 4, a fixed constant. Since P = fY, +(1- f)Y,, g'=(f (1-f))
where g, =f and g, =1-f.
11. DEVELOPING THE BEST LINEAR UNBIASED PREDICTOR (BLUP)

We define the BLUP of P as P, where P satisfies the following criteria (see Royall,
1976):

Linear in the sample: P =(g| +a')Y,
Unbiased: E(F3—P):O

Minimum MSE: var(F3—P) is minimized.

The Unbiased Constraint:

A X
We can expand the unbiased constraint: E(P - P) =(a' -g )(XI ]a, such that

E(I3 - P) =(a'’X, —¢g},X,, )a. Inorder for this expression to equal zero for any value of a, the

unbiased constraint will be always be satisfied when a’X, —g;, X,, =0. This is introduced as a
constraint using Lagrangian multipliers when minimizing the MSE.

Finding the Minimum MSE:

Notice that var(lf’—P)zva{(a’ —g],)(;'lﬂz(a' —g;,)[v‘:"l ‘;‘I"j[_;j.

Expanding this expression, var(l3 - P) =a'Via-2g,V, a+g,V,g,. Including the constraint

via a Lagrangian multiplier, we seek to find the value of a that will minimize
f (a,k) =a'Via-2g,V, a+g,V,g, +2(a’X| -2 X, ))‘"
Differentiating with respect to a and A,
of (a,n)
oa
of (a,n)
oML

=2V,a-2V, g, +2XA and

= 2(X]a—X],g,, )
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To find the value of a that minimizes f (a,x) , We set these derivatives to zero simultaneously,
and solve for a. The estimating equations are given by

of (a,4)
b S
2l or(ad)| X0 0 E) (Xie ) Lo
O
or equivalently, by C(,Ii )f)' ][;J _ ‘;(I::Iggl:lj

To solve this equation for a, we make use of results on the inverse of a partitioned

_ A'B A'+A'BQCA™ | —ATBQ™
matrix X=|—=-r— |, suchthat X' =| ——————=—---=———~ e — | where
C : D i

Q=D-CA'B. Asaresult,
-1
{V, X, J_l Vl_1 _VI_lXI (XI V|_1X| ) X, V|_1

X' 0

!

(X,’V,*lx, )_l X,V
A= {V,l VEX (XWX, )_1X,'V,1}V,Y“g“ FVPX (X VX, )_1X“'g“ .
We can now express the best linear unbiased predictor. Recall thatP =g,"Y, +g,'Y,,
and we predict g,,'Y,, bya'y,. Letus defined :(X,'V,’lXI )lX,'V,lYI . Then
a'yY, =g,'V,,'VI'Y, -g,'V, 'V X,a +g, X, &
—g,'| X, @+ V,, Vi (Y, -X,) |

As a result, the best linear unbiased predictor is given by
P=g'Y +g, |:XIIOA[+VII,IVI_1 (YI _Xl&)] -

Example 1.
N
Target: u= iZYi
N ‘=
Collapsing: LY =Y (usual random variables)

|
I —iJ L

|
N . — J
E(Y.J: 1), and[v' V.,HJ: CUNZTL NG,
Y, 1, VII,I Vi _i J 1 _iJ
N (0 npen | N NN
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Now (g g'”):(iI; il’N_njso that the unbiased constraint simplifiesto a'l, =1-f . To
N N

-1
evaluate the predictor, we note that V;* = (In —%Jnj =1 + N L J,. Other terms simplify:
-n

:(X,'Vl’lx ) X,'VY, = ZY =V v, V! —(Lanjlg s0 that
i=1 N _n
P =g,'Y, +g, [XHOH'VHJVT (Y, _XI&)]
1, 1., - 1 , -
:WInYI +W1an |:1NnYI +_(ﬂ1Nnj1n (YI -1Y, )}

Example 2.
Target: p = fY, +(1- )Y,

: . Y,
Collapse random variables to sample and remainder means (_'
1

{0 w1

Now (g ¢),)=(f (1- f)) so that the unbiased constraint simplifiesto a=1-f . There is
no other choice for a that will be unbiased, so we set a=1-f . As a result, the BLUP is given
by

P=(g
<_ T
Y,

Example 3.
Target: Y,

Collapsing: LY =Y (usual random variables)
1 ' 1

i
Y, L, Vi Vi b WJn i N ”X("\{”) 2
E =| ==~ |u and B R —|o?.
Y, I, Vin VY 1 ' 1
' |
| -n

Now (g| g )=(ej ej, ), wheree isan Nx1 vector with element i equal to one, and all
other elements equal to zero, partitioned to conform. The unbiased constraint simplifies to
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-1

. 1
a'l =e, 1, . To evaluate the predictor, we note that V,* = (In _ﬁJnj =1 + N J,.
-n

~ ! — -1 ! — 3 va — 1
Other terms simplify: & :(XI Vv, 1X,) X,'V/Y, :EZYi =Y,; V, V! :_(N—IN‘”jl:‘ S0
n< | -n

that

P= g'Y, +g, |:XII&+VII,IVI71(YI _XI&):|

' ' va 1 ’ va
=¢, Y, +e |:1N—nYI +_(EIN—n)1n (YI -1, )}

=eY, +e, [lN—nY_I:|
=€, Y, +(ei’II1N—n)Y_I
F’S =

Thus, when i <n, F3:Yi. When i>n,

v, .
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